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1. IN'I‘RODUC'I‘ION :

An emchn@@ ecommw conslsts of a set of economic agents, each of
- whom is characterized by an endowment of goods and a "preference orderF'
f”ingﬁ~over all possible combinations of goods, who engage in the ex—_
Vfchange of COmmOditiee 80 as . to make themselves as well off as posSible._"
: :ThlS process of exchange is sald to take- place under paﬁ%ctammmtzhon
h-lf, and only if, no agent -is able to influence the terms of trade in
other agents' transactions. If the terms of trade are expressed via .
prlces for the commodltles, and if agents' actlons result in "marﬁet 'd
-clearlng i.e., in eguality between: the aggregate demand and aggregate
SuPPlY for each commodity, then a competiiive equilibrium is said to exist.

_ The classical model of exchange under perfect competition (see,.-~
.1!e.g., McKen21e {1954} and ArrOWHDebreu (1954})) was formulated in terms

of a finite set of rational agents taking prices as given and engaging -

1n the sale and purchase-of commodities. - Such a model is clearly at
-'odds w1th ltself as the flnltude of agents means that each agent is

Wl

; able to exerc15e some lnfluence on the prlces at which goods are bought

and sold.r To resolve thls contradlctlon, Aumann (1964) modeled a. per—-

fectly competltlve exchange economy ‘as a map on. an atomless measure

space of 'agents to their characterlstlcs. Wlthln such.a framework, the
1nfluence of an individual agent is seen to be "negligible" as every
.agent is of measure zero. -An alternative resolution of the problem

,J ‘was glven by -Brown and Roblnson (1975), who intreduced the notion of a.

nonstandard exchange econcmy. A nonstandard exchange economy is 51m11ar_'
to: +he classical medel of exchange under perfect competition, but.thee
‘cardinality of the collection of economic agents is taken to be an .in-

flnlte nonstandard number. This has the effect of rendering each agent s _;ﬁ
commodlty endowment an "1nf1n1te81mal" part of the market and thus

renders hls/her 1nf1uence on price formation negllglble.

The present paper examines a class of measure theoretlc exchange
: economles that is closely related to the nonstandard econcmies of Brown
and Robinson {1975). ' Specifically, we examlne the class of Loel’ eco~

'f&%ﬁés, i.e., economies deflned_on a'measure space of ‘agents where the -

Lecture Notes in Econamics and Mathematlcal Systems Vol 244
Advances in Equilibrium Theory
Edited by C.D. Aliprantis, O. Burkmshaw andN I Rothman

. O Springer- Verlag Berlln Heldelberg 1935 ;




146

cardinality of the underlylng set of agents may be elther a f;n;te ln-
teger or an "infinite nonstandard‘lnteger © . The earllest reference ko
such economies is Rashid (1979). The class of Loeb economles 1s-broadi
enough to_ contain both the measure theoretlc versions of the cla551cali

models and a class of atomless measure theoretlc economles. B

The partlcular attractlon of Loeb economies-is that 1n addltlon

'Ato prov1d1ng a class of models consistent with both the cléss;cal and--
atomless measure theoretic models, they allow one to exp101t results"
for finite economies in obtaining analogous results for- the atomlessf
models. The mathematical muscle in this task is the work of Loeb (1975)
and Anderson (1976,1982). Recognition of the usefulness of thls work
for economic analysis may be attributed to Rashid (1979)°%:; the 1deas
underlying thlS work were crystallized in Emmons (1984) and were also
employed by Yannelis (1983,1984).. To demonstrate the usefulness of

" this approach, we will show that versions of Aumann's (1964, 1966) h
Vtheorems on core equivalence and the existence of a competltlve equ111b-
rium, and Roberts' (1972) theorem on the existence of Lindalil equlllhrla
can be derived very simply from results concerning finite economles
viz., Anderson's (1978) core equivalence theorem, the Ande;soanhan

-‘Rashid {l982) approxinate equilibrium existenoe theorem,:and a. véﬁgibn{
of the Gale-Mas-Colell (1975) existence result, respectlvely.-_-”

The remainder of the paper may be outllned as follows.i Section :
-provides the basic notation employed. Then we provide an lntroductlon
to nonstandard analysis. For an alternative account of this materlal,
'see Loeb {1979); for a more complete presentation, see Roblnson (1974)
or Stroyan and Luxemburg (1976)}. “Section 2 presents some of the ba51c
" properties of ‘the nonstandard real number system. Section 3 ls anﬁ
1ntroductlon to Loab measure spaces; alternative presentatlons—of this
-material may be found in Loeb {1975} and Cutland (1983). Sectlon A
presents the definitions needed from economics. Section. 5 contalns the_
statements of the results demonstrated and a discussion of thelr 51gn1f—
icance. BSection 6 consists of a statement of the basic technlque under-
lying each o’ the proofs. Finally Section 7 contains the proofs._ -

1.1. Hotation : B L

R denotes the set of real numbers

r* denotes the i-fold Cartesian product of R

Ri. denotes the positive cone of R&

i




_ﬁFor anyﬁn£;5y5‘in lef,(ord

'.x'éfyre,ii'zux:f all
'x > = x = y and x'

™,

xS >y,
X' >y =, xl___yi all

'l §1 -l-xi:[
18] oo = -max. |
: IT<i=h

*-‘ﬁ,e B}idenotes luaﬁ-tl}l}.b.,l)

'1nt A denotes tne 1nterlor of the set A

‘-}Si denotes the number of elements ln-the

“For any - x, y \in. ﬁkl .;‘"

y = x dlffers from y by an 1nf1n1te51mal amount

orf X >.y

1s greater than .y by a nonlnflnltes;mal amount in
some coordlnates and 13 not 1ess 1n any other,

x>$,y = x\ 1s.non1n£1n1te51mally.greater[than ;yJ.in‘all ooordinatéS;;

'éf.'intradﬁation-fo honfstandard analéais.:;

. S . s
At the heart of non standard analy51s lles an exten510n, R,

_the_ordered field of. real” numbers. As a flrst descrlptlon, the-imﬁ‘ .
portant features of,thls,fleld‘are:‘“ ' SRR

R properly contalns ZR'

is non—Archlmedlan, i e., it contains "infinite" numberSf_;J_

R :structure surroundlng MR 'is' role preservmng v thus,
e. g., glVen' 5 R there ex1sts a set *s C ¥R Whlch plays
}a role in #R analogous to that played by -5 i;n. R;.: and

fstatements that are’ true regardlng R and theﬁrelations:'
i deflned w;th respect.to;:R are‘also true in_relationship
to . *R and. the relations that are.defined with respect to-

p
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*R, provided they are "suitably interpreted".

A better understanding of the above deécription méy be had by
introducing the notion . of superstructure « Intuitively a superstructureé .

represents a "universe of discourse", i.e., it is a set large enough_
to contain all the mathematical objedéts under study in some mathemat=""
ical inquiry. More formally, let S be a set. Let VO(S) = S,.an@'@_l

let Vn(s) = Vn_l(S) U Pv _l(S)) for all n € N, Whege D) denotes -
the power set of the set in parentheses. Let V(8) = | Vn(S). “Then
n=0 :

~the superstructure over S 1is the set V(S) together with the nbtiéhsg‘

of eguality, =, and membership, €, on the elements of V{(S). We shgily-_
denote the superstructure over 8 simply as V(8). The elements'of o
S are called atoms; no s in & has members. The elements.of .
V(s} - 8 are called entities.

Given a superstructure as defined above, there are a great many;
mathematical statements that can be formed using the atoms and entities
‘of V(S). A formal language provides the means by which to identify i‘ _
those statements about V({S) which ére true, and those which'aré"ndtl"

(Note that we said "the means"; there will, in general, be a great ;EH'
many statements about V{8) whose truth is not known). Our descriptioﬁ
of a formal language will be in two parts. We shall first deséribé:f ‘
the: symbols of a formal language, L, and then we shall describe the

process by which sentences are formed. When we have finished with  -
these we shall go on to describe how such a language is interpreted. .

The atomic symbols of L are: (i) The (constants) é,b’,O,l;;;}}
The set of constants is arbitrary but fixed. It is a set of syﬁbois:'
large enough to be placed into one-to-one correspondence with the' i )
elements of whatever structure(s) is {are} under consideration. _fii}*'“
The variables x,¥',... The set of variables is countably infinitg}’;f
(iii) The commectives A {("and"), v ("or"™), + ("implies"), + ("if and
only if"), and = ("not"). (iv) The gquantifiers V (universal) and ‘}3: v
(existential). (v) The separation symbols [ and 1. The sepératidﬁ’*
symbols are used to group formulas. {vi) The basic predicates € . ("is. -~
an element of") and = ("is egual to"). o

Atomie formulas for L are constructs obtained by combining © ¢ ok
= (in the usual manner) with two atomic symbols which may be either’
constants or variables. Thus, e.g., a =Db, a €%, X € 2 are a1l e
atomic formulas. Wélbjbnméifbnmdas for L ({more briefly, wff) are

defined inductively. If V is an atomic formula, then [V] ié'él
wEf. If V is a wEif then [Tv] is a wff. If V and W are wff,’




then WA Wi, [V'VW], [V + Wl, and [V W] are wff. If V is N
‘a wiE and x is-an arbitrary. varlable, then [(yx)V] ‘and [(Ax)V] are.

'wff prov1ded v - does’ not already contamn ‘one of  (¥x) or -(ax)}

for L 1s a wff, v, 1n which every'variable "X con=

A sentence

“tained in v is w1th1n the 5cope of some guantifier, i.e., it is -
within a wif W contained in V . which starts with the left bracket .
3ﬁ1mmed1ately follow1ng a quantifier and ends with the correspondlng
T'rlght bracket. It can be demonstrated that every sentence for L hasf
";an equlvalent statement of the form (Ql l)...(Q x )W, where for
= lyeeayny Qi

denotes either V or E and W is a wEf -without
;unantlflers. Accordlngly we shall reserve the expre351on "sentence"

:for sentences of thls form. A sentence is bounded when its guantifiers
_.always appear in the forms:

“-[(fo[[x € A]'+..{1} for the universal quantifier,

T I(ax)[Ix € B A.,.]I"for the-exietehtial quantifier,

5fwheref A and B are constants of = L.

Now that we  have descrlbed the basic elements of z formal language,

7we turn our attentlon ‘to providing an zntemuwtamﬂn of such a language_
“Tin set theory. Let L. be a formal language, and let V(S) -denote

1the superstructure over the nonempty set 5. A one-to-one mapping,-I;_

{of a.subset of the set of constants of L into V(S) will be called
an interpretation map of L in set theory. The prepositional phrase

_"in'setrtheory”;may how be explaihed‘as follows. Each constant in
.dom(I) 1s interpreted as its 1mage under - I.. Atomic formulas [a =_BI;
h:and o € Bl, whose constants ‘belong to dom(I), are 1nterpreted as
[u = BI,'"the atom or entlty I(a) equals the atom or entity I(B)"1
[a é Bl,. "the atom or entlty I{a) is ‘an element of the atom .
‘ot entlty I(B)", respectively. - Thus the basic predicates € and = .
Zrare 1nterpreted in the usual set-theoretical way. The process of -
flnterpretatlon may be completed by noting that: “the connectives for
'L are lnterpreted in the usual fashion; V = (¥x).[x € o » W] 1is in-
_terpreted as T :

V = "for all x elements ef I(a), the stdtement:
.Iw‘x)u"_where W(x) denotes the portion of the formula already-
1'inter§reted where occurrences of x other than as the variable of a

_quantlfler or as a varlable w1th1n the scope of a quantlfler are re-
placed by the elements of I(m), V= (Hx)[x € a A W] is interpreted

VfaS' IV "there is an x 1n_.l(u)_rsuch ‘that W(x)“ where Wix) -

is as above, arbitrary sentenoes in L are 1nterpreted by proceedlng-r

‘ component—w1se" accordlng to the rules “above. ' .




model . for a set, K, of sentences in L 'if all of the constants

-that I° mapsj ¢ into the superstructure V(T), and provzdes a model
K. If I'eI Z % is not onto, we say that V(*8) = V(T) is a nan-.
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An'interpretation, I, for the-language' L is said to prov1de a

occurring-in the sentences of K are in dom(I), and . Iy is true for
each V in K. Now let. V(8) be a superstructure over the- nonempty
set S, and let 'L be a formal language w1th a set of constant ,‘C'
greater cardlnallty than the cardlnallty of V(S) is a st ard
zntmmreﬁﬂnon map if it maps C - onto V[S). ‘Let KO denote the set
of sentences, V, such that IV':holds in V(8). It is easy to show
that the set of all constants occurring in the sentences of KO ;iﬁﬁ
equal to dom(I), i €. that I provides a model for ‘KO'- Now suppose

§

stcmdar’d model of W{(8).

Given § and " %8, such that . S c*5 and V(*8) is a non?stanaarq
model of: V.{S),. the collection of interncl obiects of V(*¥5) 1is- de-'-".
fined to be *V(g) = {T:T = #*B for some entity B  in V(S)} (As we’
shall see momentarily,-‘*V(S)‘ipfovides the key to the prov1so :when
snitably:interpreted“ in our initial descrlption of'nonfstandard'“t
analysis). Any object in V(*#g) .that is not internal is called ex?;
tetnal. It is an. important fact that.if the’ cardinality of s dis 7
1nf1n1te and V(*S) is a. non-standard model for V(S), then the set
of internal objects, *V (S}, is properly contained 1n' V(*S)

2. THE NON~STANDARD REALS

Hav1ng defined what a non-standard model 1s, we Nnow- postulate th
existence of a. non-standard model V{(*R}), of the reals satlsfylng

S

the follow1ng condltlons'

l) *R O R and *R # R;:

2) *:V{R) » V(#R) satisfies:

i) *r = r for all r €R,

ii) (Transfer‘Pfinciple) For every Al,...,A 1n VGR)
every bounded sentence V(xl,...,x V. V(Al,...,A ) holds
1n vV ({R) if and enly if V(*Al,...,*A } holds 1n.f;
V{*R) ; : s

3) (Denumerably-Comprehensive) For every internai setr A  aﬁ&'
-every function £iN A, there is an internal function ' ’
£':#N > A that extends £. ‘ o




jEnlargement) (A ) j E'J. 1s & collectlon of entltles-
J:ln VCR) hav1ng the flnlte lntersectlon property, then ‘
n*A #;zﬁ T L PR P

; A couple of comments are 1n order at thlS po;nt. Flrst, note that
by (21) we- are assumlng that R is 1mbedded 1n ﬁR} ‘As R “ig.an-
: 1nf1n1te set, the remarks made at the end of the last sectlon 1nd1cate
;that there exlst external sets in. thls model. Some examplesgof external_f
-sets ln V(*iU _ar_ *N - N, and N» Secondly, the TransferiPr;ncaple,-
P _v1des the technlcal ratlonale for~ our earller descrlptlon ofd_ﬁR_fff‘
",belng' role preserv1ng and hav1ng ‘the’ property that true statements _
.regardlng R ‘were: also true regardlng | %R when "sultably 1nterpreted“'h
The reference to sultable 1nterpretatlon stems’ from the fact that .
.glven the true statement V(A ,:..,A ). it is the> statement V made‘}f
l,...,*An_ that is true. The- des—' -
: c‘r:Lpt:Lon "role preserv:Lng ' stems from the fact that when we, refer £0 °

w1th_regard to! the 1nternalsets TER

some property regardlng a. subset of . P, we are able to use the Trans—‘
,_fer Prlnclple Lo obtaln a statement referrlng to the same property in-.
'regard to an mﬁmrnal subset Df _iRw' Consrder, ‘for example, the Arch-
1medean Property of N in R, whlch may be stated as "For all r € R,
there exlsts‘ n € N- such Cthat ™ n > Irl however,'*N plays the ;
"role of N . in that by the Transfer Prlnc1ple the statement 'For all
S & tR,, there exlsts .n € *N 'such that n > ]r! 'ER,§'34.“may Be
shown to be noj—Archlmedean, 1 e., 1t is. false that "For all -r ‘€ ﬁR,'
there EXlStS ‘n € N such that n. > |r|'- however,5*N plays the
role" of N 1n that by the Transfer»Prrncaple the statement:'For all
CELE ﬂR, there exists h E #N such that n > |r| 1s true. - In ‘the
‘future statements regardlng iR that are made by appeallng to the Trans—_:i
fer Prlnclple wrll be sald to have been obtalned by munq%r . '
_ From. the dlscu551on above, it should be clear that it iss extremely
~des1rable to know just what objects in V(ﬁR)V are lnternal and whlch
are external. The follow1ng result is often useful in regard to thls
..4pr0blem... __: ::‘ :.,‘-' - N ‘.: _; | N .. ¢ S : ,
TDHEOREM._ (The lnternal Definttton Ertnetple) A set “A.-ﬁs;intara&i7£fiand'i’
only tf 1t ean be descrtbed as ' = : o T

{x x - E B & V(x,

1,...,A ) . holds in V(R)},

'Qﬁe?éi'ﬁ,hi,, ;.,An'*amelihternal and :'V{n,xl,..z.,Xﬁ).-ie:gﬁbounded'seﬁténce{;y

A
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We conclude this section with some terminology and results that
we shall need later on. The element r in #*R 1is said to be fim'_,té
‘if there exists n € N such that |r| < n, otherwise r is said to
be infinite. The element r in #R is said to be infinitesimal if
fr| < 1/n for all n € N. The elements r

said to be infinitely close if ry - r,- is infinitesimal. In ‘the” ™" "%

1 and r, in *R are

event that ry and r, are infinitely close, we shall write ry ¥ Xoe -.

It can be shown that for every finite r in #R, there exists a o
unigue element, denoted °r, in R such that °r = r; ¢°r is said -
to be the standard part of r. For every r € R, the monad of r,’ Lo
denoted mo(r), is given by mo(A) = {x € *#R: °x = r for some\,_;L\G _‘.A'}. -
It may be shown that A CR is compact iff mo{A) = *A, i.e., iff _
every poilnt of #*A -ig finite. Any subset of #R having the :propérj:j_ T
that all of its elements are finite will be calied_ near-standard . ¢

Now N, an infinite set, implies that N 1is properly contained :
in its extension *N. The next result shows that N contains all o_f_
the finite elements of *N and that *N - N contains all -of the in-
finite elements.

THEQREM 2.). 4n element of *W is finite 4iff n € N.
PROOF., That n € N implies n 1is finité is obvious from the defini-" . -
tion. Let n € *N be finite. Then there exists m € N such that .

0 < n < m. Now the following statement is true abput R:

[Vx)[x € N][[x s m] » [[x=1] v[x=2]Vv...Vv[x = m]]]]é'_:.._'
The transfer of this statement is:

[(¥Vx) [x € *NI[[x sm] = [[x=1]V [x=2) V... VIx = ml111.

It follows that n € N. =

Considering the initial segments of *N, which are internal, ana-
logy with the initial segments of N motivates the last definition '_
for this section. An entity A is said to be *~finite if there éxis;ts_:__

w € *N and an internsal bijection from {1,2,...,w} to A. The )
#*-finite subsets of *R behave as finite subsets of R do. It is-a .-
fact that every *-finite collection of internal objects is internal_. SRS
Moreover, it is a fact that every *~finite subset of *R has botH a o

smallest and a largest element.
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.'3. . INTRODUCTION TO LOEB MEASURES

4 _'Throughoﬁt this section we will be working within the framework
ffof‘the.denumerably comprehensive enlargement, V{(*R), of V(R)} . that

_;We'established in the previous section.

Let " X denote an internal set in V(*R). Let ¥ ke an internal
 algebra of subsets ‘of X, i.e., an internal collection, of internal

 ’_subsets, satlsfylng AUB and X - A are elements of ¥ whenever

“ A - and. B are elements of V. Let v:¥ > *R be an internal finitely
'ﬂédditive measure satisfying v{X) < =, We will call such an ordered
triple an {nterrnal measure space. Let (X,¥,v) be an internal measure
=“space; a function f£:(X,¥,v) + *R is said to be v-measurable if f
;uls ‘internal and for each a € *R, {x € X:f(x} < a} € ¥ and

.:{x € X:f(x) < a} € ¥. Let the map ver¥ + R be deflned by vO(A) =

_ le(A)) for all & € ¥, and let o(¥) denote the U-algebra generated
by Y. Thé following result is fundamental to our study, and has
"ﬂserved as the foundation for a large number of applications of non-

Lfstandard analy51s to other fields as well.

' '__'I‘HEORE_M 3.1. ., [Loeb, 19751: Let (X,¥,v), v, and oY) be defined a= above,

. 0
" Then - Vg has -a unique, standard; o-additive emtension Vo to o(¥) . For each
B € o(Y), the value of this emtension at B is given by
©vg(BY = inf (a) = sup (C).
SRR TR AEY,BCA Ce¥,BoC
Mbreg?er; jbr all B € o(¥} there exists B' € ¥ with vO(B AB") =0 where

A"denotes the symmetric difference operator.

-]

- PROOF . l Let (An) be a sequence of sets in ¥, such that B < |J A .

: n=1
Let (A ), n € *N, be an internal extensmon of the sequence (An)
Con91der the set {m:m € *N § B C U A 1. It may be seen from the

3 n=1
‘;Internal Deflnltlon Principle that this set is internal. From this

.-and the fact that it is non-empty (it clearly contains *N - N}, it
’may,be_céncluded that it has a smallest element. But *N - N has no
_ffirstmelemént; hence it must be that there exists m € N such that

B < U Aﬁ. "It follows that v, 1is ¢-additive on Y. The Hahn
2 - n=1 ) . .
'EXtension Theorem [Dunford-Schwartz (1957), p.l36] now implies that

: 0 "has a unigue, g-additive exten51on, which we shall also dencte as

--.-'\'Jo. S to o).




Now let B € o(¥), and.let € > 0 in R  be given, Then'theie' i
_exists an increasing sequence of measurable sets (in . ¥) (a,) such S

that B < U A, and v (LJA ) < Vo (B) + &. Let (A ) S denote ‘an
n=1 nerN.

,internal extension of thlS secuence. Then there exists u € ¥ sueh

:that -¥n € *N, 2 < n < u,. A SR, An €Y, and v (A ). < Vo (B) HoE

As e > 0 was arbitrary we have that v,(B) = lanEW B:A(A) Con51d— -

eration of Aw.-_s vields vO(B) = supcew BoC € :
above it is clear that for‘all n 1n N there ex1st sets An and -
‘c_--in ¥ with A

n . . .
An-l < An B c C [t C

(C). From the argument

-1
and ‘VO(Cn - Aﬁ)‘s i/n.. Considering the internal exten51ons of the
- two segueﬁees (An) and (Cn)’. we see.that there exists @ € N such
that Ay CA, cBceC cC 4 . and vO(Cw - Aw? = ;/m = 0, d.e.,
v (C' - &, ) = 0. It follows that there exists B' € ¥ 'such that
\)(BAB)=0.- '

‘ The importance of thls result ig that it takes an 1nternal measure
space and -shows how to convert 1t into a standard measure space.;,;'
ternal measure spaces in general will only be finitely additive 50 that
prior to Loeb's result there was little that non-standard analy51s had
to offer to the study of measure:theory (whlch is not to say. that ther
. were not contrlbutlons to measure theory before Loeb's theorem) Thls
. result alone merely says that there ex1st5 a -class: of standard measure
spaces that could be_generated using non- standard.analy31s. What makes
this result so valuable are the following three theorems of:Loeb (1975'
{and thelr subsequent extensions), which essentially say-tﬁat-thefmea;
sure spaces (X,0(¥),vy) can be studied internally,"i.e,, bylleekingﬂ
at the non-standard spaces that underlie them.

: THEOREM 3.2. Iet (X,I‘}‘,\J)“ be an interval measure space. If- £: (X ¥ \)) > *.a
is Y-measurable, then‘-°f:(x,d(¥),v0) +R s G(T)~measurable.

THEOREM 3. 3. Lét (X, ¥,v) be an internal measure space. Let. f X > *[—n,n],‘

n € N, be VY-measurable. - Then, for each A €Y, f fav = J °fdv
e . ’ ' A A

THEOREM 3.4. ‘Let (X,Y, v) be an internal m'easm-e'space If g: X +R U {-°° +°°}
ig G(T)ﬂmeasurable, tken there i an £:X + "R which is T-measurable such that

i

0-

o= g, VgTa.e.

Following Anderson (1976) we shall call the completlon of the

_VsPace (X,0(¥) vo) the ILoeb space of the internal measure Space__:lrﬁ




‘ ) - and we shall denote lt hy (X L(‘P) L(v)) : An 1mportant class
0] Loeb measure spaces :|.s the collectlon of Loeb spaces based on a.n
”_underlylng space AX, ‘i‘ \J) ) such that X Cis . *-fJ.n:Lte, s the.

:'*-fJ.nJ.te set: *?’(x), &nd - v J.s the count:.ng measure on *?(X) . .'I. e., .,f
- VA |AI/IXE for all A._ We shall call these’ measure spaces ' k :
'*-f-z,mte _ Loeb meczsure spaces” and shall denote them by (T, L(T) L(]J)), .
with: [T[ denoted by w. A funct:l.on f (x, ‘P,\J) s YR is saJ.d to be

"‘s-—mtegrable LAif (1,) £ :Ls ‘P-—measurable,. (2) °( if|dv) < ey '_ai\l"ld'j L
'_(3) Z e ‘F, \)(Z) 0, :mel:l_es ’J ]f]d\) = 0. lThe follown.ng two theorems

.:.of Anderson (1976) ‘serve. to. show that the results of Loeb above may be
.sharpened to say that 1ntegrat:|.on :Ls “preserved J.n mov:l.ng between a L f
'Loeb spaoe and. its underly:.ng J.nternal measure space. "'In the cage of
_‘* f:l.n:Lte Loeb space (T, L('r) L(u)} ‘we get the addltz_onal dividend ;

"that J.ntegrat:.on w:.th respect to 1 is really *-—fln:l_te summatlon Whlch, .

,of course, ‘can be manlpulated :Ln prec.lsely the same .ways that fJ.nJ.te
.ssummat:l.on can.A : ) T Lo

_':THEOREM 3, 5._‘- Lei: (X, L(¥) L(\J)) be the Loeb space of‘ f:he mtemal meagure space :
_ (X,‘P,\J) Let g:X -)-JR be - LW)- mi:egrable._ Then tkere e.msf:s an” S-mtegr'able ‘

fmctwn f'X -+ AR suéh tkat g ="g,L{v)-a.e. Moreover, °f s L) mtegr'able

.:..émd Ifld\"“'f l"fldL(v)

¢

‘THEOREM 3.6. - Let (X,L(‘P) ,L(\)) )- be the Loeb space of‘ the mter'nal measure spaae .

(X,'i’,v) " Let-: fX-’-*.!R be S—mtegrczble Then of 1..9 L(\J)—zntegr'able cmci’

,( fdv) f__éfdr(v) J"or alt § 'm"l"

The 1ast of our mathemat:.cal prelJ.mJ.nar:Les ig the follow:l.ng theorems

of Anderson (1982) . The s:l.gn:l.f:.cance of thls result for our work Wlll RO

‘be d:.scussed :.n Sectlon 6.‘

'I‘HE'OREM- 3 ..7.. o Let ('X,-L(‘l’)' i.(v)) be the Loeb space o_'f‘ the mtem.al measm'e Sy
: sp'aee {x, ¥, v}, Let' 4 be a second—eountable Hausdorff space. If ‘g: X+ Y is:

'..L(v)-measurable, then” there emsts an -mf:emal map - f foX S kY, £ '{’Tm_ez;surable_,
such that PE(x) = g(x) L) -a. e.- In pqrtwu_lqr__,— °f g _L(v}—meczsumz__allé and has *

b

. the garie df,stmbutwn as g.

4 DEFINITIONS e e T e

: In thJ.s sectlon we w.'l.ll present ‘the bas:.c deflnltlons for" the |
'Var:l.ous models to: be cons:.dered. “Tha presentat:l.on w:Lll necessarlly ‘
be br:Lef- - readers des:l.rlng more J.n-depth explanat:.ons of th:.s mater:.al

-__.are d:Lrected to the references at’ the end of the paper.
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4.1. Preferences

Let P™ denote the set of all binary relations > on RI_;_I.' e ?m_.' '_
represents the class of all potential preference orderings on the :
commodity space ]RT. A preference ordering is an ordinal ranking of

gollections of commodities.. In what follows we ghall have need.to..r_c—;é__;{.
strict our attention to certain subclasses of ﬁbm, each possessing' -sc_arhe-_
of the properties listed below. ' ' '

PROPERTIES OF PREFERENCES

m
1) irreﬂexq:yity H X ¥ x for all x ¢ R+F
2) transitivity : [x >y and y > z] implies x » z;

3) free disposal {or weak transitivity): [x >y and y » 2]
implies = » z:

4) ocontinuity > has open graph in RI_:_! X IRT:
5) monotonieity : X > y implies x » y;
6) comvexity : for all x E'RT, P(x}) = {y GRT:y' > x} is convex:.

Let ?T denote the subclass of > in T satisfying (3}, (4), and
(5). Let ?151 denote the subclass of > in ?m satisfying (1), .(2)_}_ '
(4), (5). Finally, let 57’]; dencte the subclass of 0 satisfyifig o
(1), and (4)~(6). o

4.2. Measure Theoretic Exchange Econcmies

A measure theoretic ewchange economy .+ &, 1S a measurable mapping

S (X, fev) ~ fPQ' x :Rf, such that pregdv is finite, where pr denotes the :
projection map from $¥ x R, .to l}i_‘}_ The interpretation of the measure
space (X.,f,v) is as follows. X denotes the set of agents; £, a _

g-algebra of subsets of X, denotes the class of all permissihlé co- ..
alitions of agents; and the measure V provides a measure of th.e ) '
size of the cocalitions in f, relative to X. ILet >y be the pro- ..
jection of &(t) onto _“P‘?‘, and let e(t) be the projection of  £(t) ' '~
onto ]R+. .Then >y represents the preference ordering of agent. t _ T
and .e(t) represents +t's initial endowment of commodities. An
assigmment for §, £, is an integrable function of X inte Rf. An
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';'a:z-i?.é‘aatian for ¢ is an assignment £:X +2Rf such that J fav =
f X

[ g ' . a 3 R’ -
J edv. A price system for ¢ is a vector p in R e A competitive
Ix ' : :

- 'eqmi.librizén for the economy ¢ 1is an ordered pair (p,f) such that
P __is a'pric_:e system for & and £ is an allocation for ¢ with the
: "p'rop'erty"that f(t) is maximal for the ordering o in {x ¢ :Rf:
p*x s pre(t)}, v-a,e. in T. An assignment f is blocked by a co-
alJ.tJ.on S € f if there exists an assignment x:T -+ R_'?'_ such that
_:;__(t.). i 'f.(t)' v-a.e. in § and Sxdv = < edv. The set of all al-
S io}:atidns that cannot be blocked by any coaliticn in K4 is called the
c_-a'r'e " of the economy ¢ and will be denoted by ¥(&).

4.3, Measure Theoretic Public Goods Eeoncmies

Do _-'In'.additiqn to the simple exchange economy described above, we will
'._exeinine an economy having & private goods, g public goods, produc-
:.ft'ion poesibilities, and a measure space of agents, Let 52,2+q denote
the set of binary relations on R£+q {the dimension of the consumers'
‘:-consumptz.on sets being expanded from L to £ + g due to the presence
of the q - public goods). A measure theoretic publ‘.',c goods econmomy 4 &

i__-f:.s a’ measurable mapplng E: (X, fov) -~ 53£+q x IR ;, Such that preg dv
X

is :E.l.na.te, .together with a set A c :IR'Q' q’ and a nen-negative Radon-

: ‘Nikedym_ derivative, ¢, of a measure & on f, where 6 is absolutely
. :'e'ont'inuous with respect to v and 8(X) = 1. The interpretation of

: '('Xl',‘.ﬁ‘,_\)) " is that of Section 4.2, and e(t) and >, shall retain their
.:li.'nterpreta'tio'ns as well. Note that consumers are taken to be endowed
-t:):hly' W_it_hﬁi:iv_ate commodities, not public ones. The set A denotes
._._th'e ~aggregate production possibilities set for the economy and ¢
'aSSJ.gns prof:l.t shares to the agents in X. An qllocation for a public
:'_.-'goods economy & is an ordered pair (x,y) where x is an integrable
‘Q’, v eRq, and (x(t),y) € R_;"_’+q, v-a.e., in X.

A feastble aZZocatwn for the public goods economy & is an assignment

:._ function of X into R

“(x,¥) " such that (J (x-e)dv,y) € A. A price system , p, £or the
X

:‘publlc goo%s economy & is an ordered pair (px,py) where p, € A=

:{x ER Ex =1} and py is an integrable function from X into

. i=I )

: ZRq A Lindahl equilibrium for the public goods economy £ is an order-
ed palr ((x,¥),p), where (x,y) is a feasible allocation for &

and . p :is a price system for § such that:
" :.i)j _-(Ex:Iipyd\))'(fx(x‘-e)dv,y) = (px:prydu)-z for all z ie A;

and _.
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ii) (x'(t::),-y)' is maximal for > in Bip,t), v-a.e., . where

B{p,t) = {z € Rf*q:(px,py(t))"z = pyrelt) + ti:(t)I(px J Py dv)-

(f (x-e)av,y)11.

4.4. Nonstandard Frchange Feonomies

A nonstandard exchange ecomomy o+ &, 18 an internal mapp.rng
EIT > ?.ﬁpg’ X '*:Ri_, where. T is an internal set of agents with card:l.nal—
ity ® € *N. Let >  be the PrOjeCtan of &(t) into “?’gﬁ and-"--' o

t

e(t) the projection of &(t) onto *Rf.‘ The :Lnterpretat:.on of >t."'-

and e(t} 1is the same as it was for standard exchange economles. " An s
assignment for the nonsta.ndard exchange ‘economy . £ is an 1nternal '
L

‘function £ of T into *R/ . An gllocation for the nonstandard ex— "-'A

Ichenge economy - & is an assignment £:T = *:R_’f’_ such that " % % i(t_)

. % > oe(t). A price system for the nonstandard exchange economy & is

. a vector p in _*:IR_%.
cnange eeonomy is an ordered pair (p,f) -such that p- is Ja/ priée :"
system. for &, and £ is an allocation for § "such that £(t)"
 maximal for > in {x € b :p'X = P -e(t)} for a]:1 t € K, where K
| is an internal set of agents such that . |K|/w = 1. &n assignment . £ ;.

‘is blocked by an internal coalition: S <:T, if there exists ari assigh-
Lme_nt ®:T > *JRf’_ such that =x(t) >y f(t) for all 't €8 .and R

A compatitive equilibrium for the nonstandard &

% ZS x(t) = % ‘sz‘e(t) . 'As before, the set of ‘all allocations. wh:l.ch
ca_nnot-be_'blbckedr by any cealition in the economy & “is c':al-ied._'rhé"“.l_\.
"core of ¢ and is denoted by #(&). _ o - ~ B

4.5, Nonstcmdard Public Goods Economies

A nonstandard public goods economy r & 1.5 an J_nternal mappn.ng;_‘
E:T *?u-q * *JRH’, together with a set A c *R 9, and ad 1nternal. .
_;mapp:Lng $:T ~ *R such that i Z)qb(t) = 1, where |'I‘| w € *N. T:he_'

J.nterpretatJ.on ‘of the maps ‘ g and ¢, and the set A J.S as- a.bove. :
‘An. dllocation for the nonstandard public goods economy & “is. an order“f_
pair (x,y}), where X :LS.‘ an :l.nternal mapping from T _in,to *Rf:, o
y € *RY, and (x(t),y) € *®R,'? for all t in T. A feasible aillo-
" ecation for the nonstandard publ:l.c goods economy & is‘an allocatlon
(x,v) for & ‘such that {=. 2. (x(&) - e(t)),y) € A, A price system

. T :
for the nonstandard public goods economy & J.S an ordered pa:.r i
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O 2 S .
"P_':_‘:Py_): where p € %4 = {x € *:R TRy = 1} and P, is an internal

PR ) i=1
"'rnapipir'ig' from T into ag?

. A Lindakl equilibrium for the nonstandard
-publlc goods economy 5 is an ordered pair ((x.y).p) _wher'e- (x,y)
ig an allocatlon for & and p is a price system for & such that:

"
—
Ell—'

! Y - | 1 )y -
%) py(t)) G % x(t). - {elt)),y) 2 Pes 5 %) p () z
'for -a.ll z € A; and

Tig) ,"(x(t) ') is maximal foxr > in Bi{p,t) for all te7T, where '

' Blp,t) = fz € R4 (p Py (E)) 2 £ B e lE) + o (t) b, —zp(t))
(; %3 (_X(.t)_ - e(t)):y)]}.

5. THE 'MAIN' RESULTS
. We can now state the main results. of the paper.

THEOREM 5.1. C ret £ (T,L{T),L(w)) + ? x ]R+ be an atomless (Loeb) measure
theoref;w e:cehange economy saz’:wfymg. ‘
L) [ edL () >> 0; and

i) fdrf all t € T, >, € Kc P, where K is compact in the topology

Cof eZosed convergence. ‘ -

Then zf fe f‘f(Z) ther-e exists a price system p for & such that (p.f} s
a competztwe eqm,l'bbmwn for E. .

,“ITHEOREM 5 2. Let E:(T,L{T),L{n}) ~+ fP X ]Rf_ be an atomlese (Loeb) measure
.theoretzc exchange econcmy satisfying:

8 f edL(y) >> 0; and
IR o

ll)i for all tET, > € K' C?g, where K' tis compact in the topology’

bf _elosed eonvergenca.

: Then. ‘there é:z:ists a competitive equilibrium for &.

THEOREM 5.3. Let iﬁ (T,L{T), L(.u] +'ﬁ°§'+q X JR_'?’_"be a Loeb measure theo'z-e_tie
-'puwa goods eeonomy eatisfying: o

AO) For aqll t €T, > €X' c?’gﬁq, where K" is compact ik the topology.

; af aZosed convergence;

A]J e(t) >> @ for all t € T;




of Lindahl equilibrium theorem of Roberts (1972) respectively. 1In

& Loeb space, contrary to the arbitrary atomless measure spaces which. ...

6. STRATEGY OF THE PROOFS
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A2} A is a elosed cowver come with vertez 0;

kg
+

Ad)  there emists (X,V) € A such that § >> 0.

43) A D R and & nRYY = {0}; and

Then there exists a Lindahl equilibrium for &.

Notice that Theorems (5.1)-(5.3) are versions of the core equi-

valence result of Aumann (1964}, the existence of a competitiﬁe équili—:
brium result of Aumann {1966} {and Schmeidler (1969)) and the exisﬁeh¢e:

that sense our results are not really new (although some of our'assumps e
tions are weaker than those of the above authors, and therefore are not . .

implied by theirs). Moreover, there is a restriction as far ag the E
measure space of agents is concerned. Indeéd, our space of agents'ié'

can be used in the above cited papers. However, our objective is not n:_
to provide the most general versions of the above theorems but rather

to illustrate a method of obtaining results for mathematically édﬁsiéﬁ;“
ent models of perfect competition in a very simple and intuitivé.ﬁay. .
We must emphasize that we do not need the Fatou Lemma (in one dimensidﬁ
or several dimensions) and the complicated, lengthy processes_adopté&“in
Aumann {1966), Schmeidler {1969}, and Roberts {1972). Moreover,.wé'dqii'
not need the Lyapunov theorem; only a simple version of the Sﬁapley§ 
Folkman theorem is needed. As a mattér of fact, our results turn ot
to be corollaries of theorems proved in a fixed finite economy framé-  ]
work, and therefore have been obtained in a very simple and naturai j-'”
way. Finally, we believe that the restriction inveolved in the meiépré.’“
space of economic agents is not really important. Indeed, if the .

purpose of an arbitrary atomless measure space of agents is to captufghf
the meaning of perfect competition, then Loeb spaces serve precisély N

this purpose.

The theorems stated above are concerned with economies defineéd dn”:g
a *-finite Loeb space of agents. Henceforth we shall refer to such_an'}i'
economy as a Loeb economy . Now the essence of Theorem 3.7 (Andersonfs_ iy
Lifting Thecrem) is that given a Loeb economy & (X,L(1),L(u)) 4—?m )
Rﬁ, ;s

there exists a nonstandard economy £':X -+ *?m X KRT having - _
essentially identical. preferences and endowments. More precisely, . ..wﬁ
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: 7given_thé Loeb economy &, there exists a nonstandard economy, &',
having 'th'e, property that -°(£'(t)) = &(t),L{u)-a.e. It will then be
' natéa_that ‘&' inherits properties similar to those stated (for &)
: in the hypotheses of the thecorem to be proved. These, in turn, will
 be. sufficient to ensure that the analogous result for nonstandard

-;'ec'dnbmie's may be had by transferring a known finite result.

_ . Thg'proofs will then be completed by "pushing back down" to the
Loeb, economy that we began with. This "pushing down" will consist, in
: large pait; of composing the standard part mapping with the nonstandard
; 561ution and utilizing the strong similarities that exist between &
ffand' £'.  The S-integrability of allocations of private goods in the
_1nohstandard solution will play an important part at this stage of the
' 'prQof, ~In particular, S—integrability will be necessary for demon-~
ﬁ{strating needed integrability properties in the solution of the theorem
? béihg proved.

' 7.-_PRO0FS OF THE MAIN RESULTS

'~ ‘PROOF OF THEOREM 5.2. By Theorems 3.7 and 3.5, there exists an internal

L such that:

g _' -Hdnst;and_ard exchange -economy *&:T > *?‘; % *JR+

-

S(RE(E)) = E(E),L(W) ,-aweu; and

€

S *ka{t) = I edL(u) for all & € T.
S ’ 5 .

:'._We will"need to make use of the following result of Anderson-Khan-
" Rashid . (1982).

- THEOREM 7.1. Let Ep+T + ?;’ x ]Ri be a finite exchange economy (|T| = n € W).
.Then‘ there extets £:iT ->JRf'_ and p € int .'lRf: sueh that

'_‘73) £(t) <5 maximal for > in  1X eIR_;’t:p-x < pre(t)} forall teT,

t
. and
O . (£+1)
i) o L max{ X £,(t) - D e, (t),0} = ~—+= max [e(t)].
i=1 T T teT

Now' the nonstandard exchange economy *f satisfies:




‘exists. It remains to be shown that the existence of a competltlve

_for £. The follow:Lng lemma will be needed:in this task.’

- by the SB-integrability of *e. On the other hand, since -p->§0—‘($ee;%
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i)y for all t €T, » € *K C *?ﬁ, where *K is near standard
o _ T N Lo
in the topology of closed convergence; and.. .

i) %; 3 *elt) >3 0.
: T

It follows from the transfer of Theorem 7.1 that.there exlsts an :
ordered pair . (p,f) such that: '

*(7.1) f(t) is maximal for *>t

t € K, where K 13 an internal set of agents such that:
I®|/|T} = 1, where qr| = w € *N - N; ana ‘

in iz E.#Rzzp'x < p'*e(f)} for all:.

*(7.2)

€

1%, max{ D E;(8) = D%e; (£),03 < (941) max e (t) ||/./EI___.=- o

gl

i.e.,

gl

2 Bt} < T *e (t).
T. T .

Note that din *(7.2), the bound (&+1) pag (e (t) [/ is now -
infinitesimal since *e is S-integrable. Given the fact that- prefern'
' 1

ences are monotone, we can strengthen ¥*({7.2) -to 5 Z)f(t) = ~‘Z)*e(t)

Hence, we have shown that a competitive equilibrium, (p,£), .fdr. *é

equlllbrlum for" *f implies the existence of a competltlve equlllbrlum'

LEMMA 7.1. f:T » *CIR_%_ 8 S-integrable.

PRCOF. ©Note that p*f(t) < p-*e(t) Ffor all t in T. Therefore, for
any internal set of agents S having ]S|/w = 0, it follows that- S

Ell—'

Tf
8

EII—'

EP £8) s 'luIEP'*e(t) =p-Drelt)/w=0, -
) S . :

e@.g., Khan (1975)) it follows that '% 2 E(t) = 0. wm
. ) S .
The proof of Theorem 5.2 can now be completed by verifying thét'
(°p,°f) 1s a competltlve equilibrium for &. The propositibn below“]“
shows that an even stronger relationship exists between the competltlve
equlllbrla for ¢ and the competitive equilibria for *E. ’
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_lf‘RQ_PbSITI_QN 7.2 If the pain (p,£) 18 a competitive equilibrium for *&
if and only f (°p,°f) isa competitive equilibrimm for &. '

P3OOF1:I(=): Let (p,f) be a competitive eguilibrium for .*5 ‘and
(°p,°£) is not a competitive equilibrium for &. Then there exists

y;T +:3i, L(j) —integrable such that

I.,yd't(u_) - j odL (1), (7.1)

°p-y(t) < °pre(t) and y(t) » °f(t) for all £ € S, L(K)(S) > 0. (7.2)
ﬁBy Theorem 3.5 there exists a function =x:T - %RR such that x is

:S—lntegrable and '°x = y, L{u)-a.e. From (7.2} 1t follows that .
9p'?x.5_ “p.e(t) and °x >t-f(t) for all t € 8§, L(u)(8) > 0. Since

s
°xis. L(W}-integrable and ®x =y, L(u)-a.e. J °xdL (1) = ydL{y) =
a T _ - .
.J_:gaL(P)h; By Theorem 3.5 we have J owdL (W) = % > x{t). Since
N SN : o T o
 ] edL(u)'ﬁ-% Z)*e(t) 'by-(7.1) we have % Z}x(t) = % s *e(t). More-
SAT AR 0
 over, 1t ‘follows. from (7.2) that p- X < p-*e(t) and x‘*>t'£(t) for
all  t € SIr |5|/w 20, a contradlctLOn to the fact that (p,£) is'a

1compet1t1ve equlilbrlum for *£.

:.ji=): Tet (°p,°f) be a competitive equilibrium for & and suppose
Ap,£)  is. not a competitive equlllbrlum for *&. Then there exists an

~internal function y:T -+ #Ri such that ’
sy = Pet*e(t) and y > £(t) for all t € 8, |s! intermal,

|s|/w # 0. (7.1)°

'_It'fdlloWS from (7.1)" that for any infinitesimal set V, p-% Zylt) =
: : v

‘.i Z)P . y(t) < -Z)p.*e(t) =« 0 since *e 1is S~integrable. Since

-£J>; 0'-5 Z}y(t) o 0 and therefore vy isls—integrable. By Theorem
ﬁ3.6, °y '1n L(u)—lntegrable and from (7.1)" it follows that

ﬂgpgoy,s °p.e(t) and °y », £(t) for all t € S, L{p)(s} » 0, a
3'coht:adiCtion,to the fact that (°p,°f) 1is a competitive equilibrium

“5fof:3£, This completes the proef of the proposition. m
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PROOF OF THEOREM 5.1. By Theorem 3.7, there exists an internal nonﬁ-
standard exchange economy &* :T -+ *?EIQ’_ x *:Rf such that °(“*;‘;(t)) = g(t)’ :
L{u)~a.e. We now make use of the folloWing theorem due to Anderson B
(1978) . ' CL

- THEOREM 7.2. [Let Z,F: T - ?{' *xR_, be a Finite exchange economy, (|T| =mn 'EZ'EN_):' :
Let. M = sup{le(t;) +...+ elt;)|,: t; €T, L <is2}. If £fe¢ Bl&g)r

L
then there exists p € {q € JRi: 2 q; = 1} such that

i=1
z Zlow(e(e) - een| < T, RGN
and
3-_1 ? |infi{p.{x ~ e(t).):x > f(t)}l < ZTM . (7.0)

The nonstandard exchange economy *& will satisfy the follow;ing. assump="
tion, : ‘ o
i) *» € *xK'c *?']Q'_,*K' is near standard in the topology of
' ciosed convergence.
ii)

my

ZT) *e (t) >; 0.

By the transfer of Theorem 7.2 we have that if f:7 -+ *:Ri is- ag allo~-
cation such that £ ¢ §(*£), +then there exists p ¢ {y ¢ *_'R_'f"_: 2 ¥y = i}
: i=1" R

such that

L2 lpetete) - et s Moo or o
T e
*(7.3) .
1 N S
p-= 3 EE) = Pg 2 *e{t), and
T T

Z |inflp.(x - *e(t)):x 5 £(e)}} < & =0, i.e.,
o w

E|H

| . "(7.4)
p.{f) = p *e(t) = inf{p.x:x =, £{t}} for all t € K IR

t

where K is an internal set of agents such that 1% /w = 1,

It follows from Assumption {(ii) and the continuity of preferences
that *(7.4) can be strengthened to f{t) is maximal for ;t in
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: _{x:-p-':;_‘srp-*e(t)} for all t € K, where K is an internal set of
- agents so_ that |®]/w = L.

o 3
LEMMA 7.2. f:t + *R, ds S-integrable.

: ;"'P_ROOF.. Same as in Lemma 7.1l. a
The proof of Theorem 5,1 may now be completed by noting the

* . following propos ition.

” ';PROPOSIT_IOﬁ 7.2. £ € E(*E) o °f € AR

_'_‘PRO_'OF. (=): Let £ € g(*&) and °f £ #£(g). Then there exists
T _.‘R_'q; L{u)-integrable such that

ylt) » °f(t) for all t € s, LW > 0, and {7.5)

J ydL{u) = [ edL (1) . (7.6}

5 s

" 'gince .y is L{u) -integrable by Theorem 3.5, there exists X:T '~ *Ri
._s-ﬁ-int'egrabl_e such that °x = ¥, L({y}-a.e. Moreover, by the same

' Theorem, °x is L(u)-integrable. " Hence, oxdL (M) = J yaL {u) and
ST Ny 8 s

by (7.6) E °xdL (n) = J edaL{u). It follows from {7.5) that

B s L}

R () ’;t'_.f'(t) for all t €8, |S|/w # 0. Furthermore, since [ oxdL {u}=
: . S

=

Txlt) and J edL (u) 2% T *e{t) we have .then %‘)— 7o ox{t) =
s - S s s

" el €

'Y %e(t), a contradiction to the gact that £ € B(¥&).
N S - -

To(e)r Let °f € &) and £ £ #{*¢). Then there exists an internal

" function y:T * *.Rf‘_ such that

yie) 3, £(8) for all t €5, IS|/w # 0, (7.7)
'énd
= Ty - L 2 ¥e(t). (7.8)

" gince *e is S-integrable for any internal set V. |V{/w = 0 we have
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%“ Dy(t) = % 2 *e(t) = 0. Therefore y is S-integrable?ffBg...

Theorem 3.5 °Y . is L(w)-integrable ang °(% Z}y(t)) ='j '°YdL(h)5*J;,
: 3 o . s :
Since J °ydL (u) = 1 2 ¥(t) and f edL (u) = i Z}*e(t) from (7 8)1;
o . S T P ©op
it follows that ‘f °ydL (u) = j edL{u). . Moreover, it follows from B
s . - g .
- (7.7) that" °y(t)‘>£_°f(t) for all
* diction to the fact that °f ¢ g .
Proposition 7.2. -

t €8, L(u)(s } o> 0, a contra-,
Thls completes the proof of '

It'follows from Proposition (7.1

) and’ (7 2) that the core equlvaxw
lence. theorem is true for .*g

(if and only if it is true in E A?h;ss

completes the proof of Theorem 5, l. u

~ SKETCH OF THE PROOF OF THEOREM 5.3.
Theorem: 3.5, there exist
AL > *R  such that.

By Anderson's Llftlng Theorem andl

internal mappings &':T - ﬁ?£+q X kR andt.

E'{E) = Kt) and 4'(t) = ¢ () ,L (W) -a.e.,

,and

Te'(t)/w .2,[ edL(n) .and Zole)/u = j $(t)an(n) W
5 - 8, 5 '3 . -
Note that *a, &'s ana ¢
. Note also that Foley's (1970)
the Gale-Mas

comprise a nonstandard publlc goods econom

technique may be used in conjunctlon w1th
—Colell (1975)  existence result for economles w1thout
ordered preferences to obtain the follow1ng°

LEMMA 7.3. Zet & .1 » 5D§+q
satisfying: '

be a finite public goods economy.
1), e(t) >> 0;

2) AF is a closed convex cone with vertex 0;

3) A :)-:IR g A, nJR_'__ = {0}; and

4)  there - exists (x,¥) € A such thar ¥ Q.

Then there exists q TLindahl equilibrium for &.

Now the nonstandard Public goods economy &' satisFies:
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*?§+q, where *K" 18 near—

€ *K"
' converqence H

‘wo). - for all t €Tr 7
iogy of closed

'-:standard in the topo

Comn) (e 70 FoF all t €Ti
‘"L NZ}:E*A is a closed,
' :»"m)f #a O —*R“q and %A 0B

*-gonvex, *-cone with vertex . 0:

9 _ {0}; and

m) (x.y) ¢ *a and g >;‘0‘.
:Hende}7by'the_transfer of Lemma 7.3+ £' has a Lindahl equilibriut, .
:((x.y) .p) e ' :

LEMMA 7 4. (JE ;:(t)/u)&)' ig near-standord. '
. = _ . ,
{a1) - (a3} ‘imply that

ercise to show that
£ follows that " mo (F b

?BOOFQ It is 4 standard exX
CRg+q n-{a + ([ edlL (W) (0} )) is compact.

F _Et
- 1 1
'1s near standard. Now Z}x(t)/w Y) € F, = (fRi+q n {*a +
s ( 7_) e (t)/w om, and (7. 9) implies Fy cmo(Fy)- ¥
‘n € *W - N, I,Snll/w =~ 1, where gt = {t E‘T:x(t) =

LEMMA 7.5. For all
:ﬁﬁ}-““n i' -
o the contrary contradicts Lerma 7-4. ®

e

:PBDOFA[.Supfosition t

LEMMA 746 X i . g-integrable.
ion is Condltlon 3 of the

*p a *-cone (N2)
That, together

quires demonstrat

All that really ¥e
et % € T satisfy |&l/w = 0

rium profits for & are Zero.

. 'PROOF .
deflnltlon._

lies “that equlllb

Amp
ity of the »y -

with the ‘monotonic implies

-..1;3};_;(_1-,") + fly(t) .3 = Byre' (8 for al..l £ € T (7.11i_
Agéreéatlon of (7. 11) over &y togéthér with (%110};-yields o
0 Ex(t)/m = 0, (7:‘.12)'_

( E:ﬁy(t)_/w) § = o (7.13)

'The propertles of the preferences,in *K" may now pe used to show




that gz7 Prices are
ular %(>; 0, ang the eonclusion fq

LEMMA 7,7, 3 B (t)/u s near-standarg,
_ T

PROCF," Suppose to the Contrary, Then (N2) and (N4) impl
Profits associated witp ((§,§).§)' 8re not boundeg
"to the equilibrium conditions for g, a

LEMMA 7.3, There existg ar interngl gay G cr, ]G]/w * 1, such ther
Ey(t) 18 near-standapg for alt ¢ ¢ g, :

PROOF, Supposition to the contrary contradictg Lemma 7,7, Let &~ - a
J=1{§ ¢ fl,...,q};p ig not's-integrable}. If 7 =@, then straight-.~

forward argument showg that °((§,§),§J is g Lindahl equilibrium:forl

7.2y
D .

0 (3:£) ¢ g x {T-G)
(t) =

(t) {(j,v) g3 % (7-g)
¥y

then p ig S—integrable. Moreover} ﬁy(t) is near~stapdard for a171
t € P. u

LEMMA 7,9, (°%(t),°%) 45 > mmazimal o B(t,("f:v'x,"ﬁy)),L(u)-a.e.".
PROOF, From egquation (7.11) we have

(Byr gﬁy(t)/m-(g ) - e'te)) /u,§) = o, | (7.15)
The-left—hand Side of (7.15) may be rewritten ag

() /u) 15,

P LX) ) 4 3 '((25
X7 jgr  w Yy €77 Yy

By (D X(E) /) + 3 WEE ®/wg) +5 (54
T JET m Y J 7
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for all t© € G. Finally.,

so- that B(t (°Pyr py(t)) = B(E, ° Py’ p )
to the contrary: that there exists € € G fox whom

p (£)) preferred to (°x(€),°y) can be
(R{E),¥) e m

" the. supposrtlon,
z € B(E, (°p '

the » +

there exists

-shown to contradict -maxlmallty of

is a natural candidate for an
ductlon optlmallty condition
to p . This sit-

° ((x,¥) s (Ex,py))
unfortunately. the pro

_cannot be demonstrated due +o the change from Py

e remedied however by employing 2 trans
is transformation is tha

suggests should be {and in fact is} consistent
it does this without altering
(for E) be defined by

At this point
: equlllbrlum for E.
formatlon due to

o uatlon may b
t it raises

= Roberts (1972).
 . Py “to a level which Py

with productlon optimality.
Let the price system T

The essence of th

Moreover,

consumers choices.

xr = °on
X Px

ry(t} = °Py(t) + I"(ET py(t)/w) - %PY(’C)/N)] for all t € Ts

, and the fact that p (t) = py(t), for
L(u)-rntegrable. Moreover JT rydL(u) =
now show (1} that

P V‘Seintegrable, Lemma 7.7
©a11 ¢ €T, imply that r is
oy Z)p (£)/w) - straightforward argument will

is a feasible allocation for and (2) that (°x,°y) is
,r y} a.e. in T. ity of profits

1e argument by contradic

: (ox' Y) E,
1_$£—max1mal on B{t, (r
- ‘may be had through a simp

The maximal
tion.
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However, they-d;df;_
# & result which
Conséquently,'7u"

rom ours. -Btarting with a'knownﬁﬁiniﬁe
 result they démonstrate‘the existence.

| not -make .uge of Anderson'g

is fundamental_to the results contained here in,

' their methodology differs r

of a Loéb‘economy for.which -
an equilibrium‘exists, Whereas we begin with an arbitrary L6Eb -

economy and 'use a known finite result
economy under consideration hag an equili

The'eXistehée of such g mod

el can be demonstratéd'by means Qf-ah-ﬂ_*
ultrapower Construction,

For details gee StrOyan-Luxemburg_(1976)ﬂ555
Functions on i’ which are extengions of given function, - f,w‘ﬁﬁ':
R are denoteg by the séme;symbcl, £. ‘ ' ' s

Pﬁn intenaed.
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