VALUE AND FAIRNESS

Nicholas C. Yannelig®

1. INTRODUCTION

Value allocation is & cooperative solution concept designed to
predict which Pareto optimal outcomes will be selected by an explicit
bargaining process among the agents in an economy. The concept of )
value allocation may be either in the context of cardinal utility due
te Shapley (1969) or in an ordinal formulation due to Aumann . (1975).
The controversial features of value allocations have. been recently
examined by a number of authors, notably, Shafer (1980), Roth (1980
1983), Harsany1 (1980}, Yannelis (1983), Thomson (1983), Aumann (1983)
and Scafuri-Yannelis (1984). This research has alsc p01nted out
several peculiarities of value allocations.

It is the purpose of the present notes to fufther'analyze Several

‘properties of the above concept by means of examples. 'Also, we will

compare the concept of value allocation with three other solution con-
cepts,i.e., competitive eguilibrium, core, and nondiscrimination. &al-

though in an economy with an atomless'measure space of economic agents

all the above solution concepts coincide, however, in an economy w1th
finitely many agents none of these concepts need be the same.

The paper proceeds as follows: Section 2 discusses the relation- """

ship of value, core, competitive equilibrium and nondiscrimination in
a finite exchange economy framework. Sections 3, 4 and 5 investigate
several properties of value allecations, i.e., their manlpulablllty,
fairness and symmetry. In Section 6 the concept of nondlscrlmlnatlon

- is analyzed in a mixed finite exchange ‘economy - settlng. Flnally,‘-

Section 7 shows how results for finite economies can be extended to
economies with an atomless measure space of economic agents.

2. PRELIMINARY RESULTS

2.1. PNotation

R dencotes the set of real numbers
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RR’ denotes the 2-fold Cértesian product of R

Rf: denotes. the positive cone of R'q’

For any X, vy in’ RR',-

X =y means x; 2y, for all i
X >y means x z.y and x # vy

X >>y means x, >y; for all i

2
Xy = iza XY
£ ‘ R
<] = 1§l I 1o flxll, = max{|x;]: & = i < 2}

int A denotes thé interior of the set A

e € R* denotes e = (1,1,...,1)

For any ‘A C'Rg', con A denbtes_the convéx hull of A
‘l[ \, denotes the se.t theoretic subtraction

22 denotes the set of all subsets of the set A

|s] denotes the number of elements in the set 8.

. 2,2. Definitions

‘ The commodity space is the positive cone of RE, i.e., Rf’_. A
utility fumetion u - for a binary relation ¥ on Rf: is a real valued

funhction on R'Q' which is order preserving, i.e., u(x) = u(y)  x » v.

Let U denote+the space of all utility functions (assumed unigue up
to a linear affine transformation). A cardinal finite emchange economy 18
a map - E;:T + X Rfj where T = {1,2,...,n} is a finite set of agents
and U x R_'f: is the space of agents'chéracteristics. For each t € T,
define .a(,t) (u{t),e(t)); e(t) is the initial endowment of agent
t and u(t) = u,  is his/her utility function. Dencte by # the set
of all binary relations » on Rf. An ordinal finite exchange economy 18
a map &:T » P x R'f: where P x Rf is the space of agents'character-
istics. For each t € T define £&({t) = (}t,e(t)). We interpret ‘e(t)_

as ‘the initial endowment of agent t and Fy as his/her preference

il

relation. 'O‘bvious-ly, any cardinal econcmy can be thought of as an

*ordinal economy simply by taking 3 to be the binary relation rep-
B o t

reéented by u An assignment X 1S a mapping of T into R,. A&n

. t°
allocation X 1s an assignment such that 7 x(t) = > ef{t). &
' . n ’ teT teT
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game with side payments .G = (T,V) consists of a finite set of agents

T  and a superadditive function via® R such that V@) = 0., Each
s e‘ZT is a coalition and V(S} expresses the "worth" of coalition. &.
The Shapiey value of a game G is a rule which assigns to each agent a
"payoff" egual to his expectéd marginal contribution to all possible
coalitions according to the formula:

!
Sht = 0

Usl=1) 1 UTI=1S)L [yisy - vs\ied ) (2.1)
ScT I l' . . . .

2.3. Value Allocations
To each cardinal finTtT exchange economy &:T + U x Ri and each
T

vector of "weights" X ¢ R, we may associate a game G = (T,th)
according to the rule '
Vig (8) = max{ 3 AMtlug (x{t)): 2 =x(t) = T e(t) for all
i : tEs tEes tes .
x(t) € R} and all t € s}.

An allocation x:T » Ri is a eardinal value allocation for the economy
E:T » U x Ri, if for some get of "waights" A € R+Tl, A(t)ut(x{t)) is
the Shapley value of the game G = (T'qu) for each t € T.

An allocation =x:T -+ Ri is said to be an ordinal value allocation

for the economy &:T + P x Ri if there exists a family of utility
‘. functions {ut}tET representing the preferences {Ft}tET such that

'ut(x(t)) is the Shapley value of the game G = (T,Vﬁ) for all -t € T.
LIt is important to note that the ordinal value allocation depends on
the representation of preferences.

Also note that at a value allocation the utility of each agent in
the ecbnomy is given by summing up his/her dividends from the marginal
value of eéch'coalition in which he/she is a member. In that sensé, A
it has been suggested in the literature that "equity" is inherent in
the concept of Qalue allocation. However, as we'will discuss in
Sections 4 and 5, the equitability of value allocations may be open to

question.

2.4, Competitive Equilibrium and Cove

A pfice system p 1is a vector in Rf. The pair (p,x} where p

is a price system and x is an allocation is said to be a competitive |




208

equilibrium  for the economy &:T + P x Ri, if for each agent t € T,

x{t) is maximal for >t in the:budget set. B(p,t) = {y € Rfip-y-s P

e(t)}. An assignment =x:T + R, is said to be blocked by a coalition
S if there exists an assignment y:T -+ Ri such that y(t) >y x(t}

for all t €8 and ¥ yit) = Zf e{t). The set of all allocations
o , tes tes
which cannot be blocked by any coalition constitutes the core of the

- economy g£:T + § x Ri.

2.5. Nondiseriminatory Allocations

An allocation =x:T =+ Ri is said to be wnondiseriminatory if there
exist no assignment y:T -+ Ri and disjoint coalitions Sl' 5, such

that for all t € 8., y{t) »_ x{t) and I (y{t) - elt)) =
' o 1 Tt €85,
b (x(t) - e(t)).  In other words, an allocation is said to be non-
tESz
discriminatory if no group of agents can redistribute among its members

that net trade of any other group of agents and become better off.

- This notion of equity was introduced by Gabszewicz (1975). The concept
of nondiscrimination, like the core, is cooperative. However, it is

a sharper solution concept than the core. Indeed, as we will see, it
"turns out that all nondiscriminatory allocations are contained in the

‘ core, but the reverse is not true. FPFurther, competitive equilibrium.
allocations are nondiscriminatory, but the reverse is not true. Con-
*sequéntly, the set of nondisgcriminatory allocations is larger than the
get of competitive equilibrium allocations, but it is smaller -than the

set of core allocations.

It is not cléar'whether the notion of nondiscrimination is informa-
tionally less demanding than a competitive equilibrium where each
trader mﬁst know the price of each commodity in the market. Obviously,
agquiring price information is not an easy task and may be very costly.
Oon ﬁhe other hand, the notion of nondiscrimination is based on cecali-
tions of traders, and we do not know how easily traders can form coali-
tions.,  In that sense, it 1s not clear which notion requires less in-.
formation. What is important to note ig that the concept of nondiscrim-—
ination retains the appealing characterisﬁics of both the competitive
. equilibrium and the core, i.e., it depends on preferences and endowments.
_(Contrgst this with the cardinal value, where each agents' character-
istics are preferences and endowments, but the weights of each agent

are‘ehdogenously determined. 8ee the discussion in Section 5.)
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2.6. The Relationship of the Above Solution Consepts

Although all the above solution concepts coincide in an infinite
economy, i.e., an economy where the set of agents is an atomless
meagure space, in a finite economy none of these solution concepts need
be the same. Below we examine their relationship.

PROPOSITION 2.1. d4x ordinal value allocation need nbt be in the core,

PROCOF. Consider an economy consisting of three agents T = {1,2,3}
and two goods X, ¥. Utility functions and initial endowments are
given as follows:

up (x(1),y(1)) = Xd) + y(1) e(1)

r

(0,0)

]

3]

2
uy ((2),y(2)) = (ZCL ACYN | o3y = (0,49

{
A
(/x(3) + ¥y (3] )2' e (3) 4,0) -

uy(x(3),y(3)) 5

A computation of the characteristic functicn Vy gives:

vu({l}) =0

Vu({Z}) = Vu({3}) =1

Vu({ltz]') = Vu({l.r3}) = 2

vptl2,3h = v ({1,2,3}) =4 .

\ _ ' . _ 2 _ _ 11
The Shapley values can be easily found to be Sh1 =z Sh2 = Sh3 = %
The ordinal value allocatien is (x(1), y(1)) = (%,%), {(x(2),v{2)} =
(z(3), v(3)) = %%,%%). Note that the above value allocation is not

in the core, since the coalition § = {2,3} can block it. This com-
pletes the proof of Proposgition 2.1. =

PROPOSITION 2.2. A cardinal value allocation need not be in the core.

PRCOF. It follows from the example used in the proof of Proposition
2.1 by letting A{l) = A(2) = A(3}) = 1. Indeed, for this choice of
weighte the value allocation in the ordinal sense is a value allocation

in the cardinal sense as well. m
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:_ PROPOSITION 2.3. 4An ordznal value aZZoaatton need not be a competzttve

f‘Vequtltbrbum. N

‘OPROOF. Since any competltlve equlllbrlum is in the core (Debreu-Scarf

+ (1963)) the result follows from. Proposmtlon 2. l.m

‘ PROPOSITION 2 4 A cardtnal value alloaatton need not be a competative

L equzltbrzum

 the result foilowsffrpﬁ Proposition 2.2, w.
:fﬁOPOSITiON 2.5, A.compeéitive'équéliérigﬁ‘allocaﬁion_n;edrnbt be aﬁ ;rdinal
:‘O‘balﬁe azlqéqtibn. ' . ‘ ' : ' .
l}fROOF.- See Au..r'n;hnl (“].9‘;75),:'13..' 634. .i '

| ”PROPOSITION 2;6. 4 compéfitiée ;quiiibfi%m allosation neéd-@ot'be é c%ﬁd%%al ;

© value alldeation.

cation the result follows ffom Proposition 2.5! u
. PROPOSITION 2.7. Any competitive equilibrium is nondiceriminatory,

O'P§OOF; LLat {p,x) " be a competitive'equilibriﬁm and assume that x
'is not nondiscriminatory. - Then there exist.an assignment y:T +'Rf‘
and disjoint coalitions Sl' Szf‘SQCh-that y(t) > x(t) for all

t €8,

1 a{nd

: _But;"'Jy(t) > x(t) for all tog Sl implies,thét' pey(t) > prelt)

ffor all t € Sl and consequently

t€s, - teS

'From (2.2) and (2:3) it follows that ps 2 (x(t) - e(t)) > 0

.. tEs
P 2. x(t) > p- Z) e(t), a contradlctlon tg the fact that (x;P) 15
: tes LES, ; :

'"za competltlve equlllbrlum.l

" PROOF. Since all competitive equilibrium allocations are in the core

PROOF. Since aﬁyicardinal value allocation is an ordinal value allo- .

tzé'l(y‘t) - le(*T‘-)) = tgsz(:;(t) - e(_;) ) I ., - (22)

Cbeny® > b Tew o BT N
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' PROPOSITION 2.8. Any wnondiscriminatory allocation.is in the core.

PROQF. Let x:T + Ri be a nondiscriminatory allocation and suppose
that x 18 not a core allocation. Then there exist a coalition 8,

and an assignment y:T -+ Rg such that v(t) »_ x(t) £for all t¢ 8,4

+ t
and T yi{t) = ¥ e{t). Let 52 be the empty coalition. Then
: tGS:L tESl ‘
' S; NSy, =@ and T (y(t) -e(t)) = T (x(t) - e(t)), a contra-
tESl tES2 : :

diction to the fact that =x:T - Ri is a nondiscriminatory allocation.-

PROPOSITION 2.9. An ordingl value allocation need not be nondiseriminatory.

PROOF. It follows from Proposition 2.1 and 2.8. =

PROPOSITION 2.10. 4 cardinal value allocation need not be nondiseriminatory.

PROOF. It follows from Propositions 2.2 and 2.8.m

PROPOSITION 2.1ll. (a) A cors allocation need not bz nondiscriminatory and
(b) a nondiseriminatory allocation need not be competitive.

PROOF. The pfoof is by means of an example due to Gabszewicz (1975).
Consider an economy with three agents T = {1,2,3} and twoc goods
X, ¥» Agents' utility functions and initial endowments are:

ui(x(i)r Y(l)) = l/x(ij + @'TIT: i=1,2,3

e(l) = (0,8), e(2) = &(3) = (4,0).

(a).'The allocation (x(1), ¥y(1)) = (5.5,5.5), (x(2),y(2) =
(1.5,1.5),(x{3),¥(3)) = (1,1} is in the core. However, for 8, = {3}

and 8, = {2} it can be easily checked that x:T - Ri is not

nondiscriminatory.

(b} The allocation (x{l),y{1)) = (6.6),(x{2),y(2)) = (x(3},
¥(3)} = (1,1) 4is nondiscriminatory but it is easily seen that it is

not competitive. =

The relationship of the above solution concepts can be dépicted

in the following diagram,
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Pareto QOptimal Competitive

Equilibrium

GCore

Value -

Nondiscrimination Allocation

It is clear from the diagram above that among the concepts of core,
competitive equilibrium and nondiscrimination the competitive equilibrium
is the sharpest as it is contained in the other two. . However, among
‘value allocations and the other three concepts we cannot determine
whether or not the value is gharper than the other solution concepts.
1Neveftheless, in the next section, we will try to point ocut several

_ prbperfies that value allocations may have, énd compare this concept
"with the competitive equilibrium.

kecently Bennet (1983) and Bennet-Zame (1983) have introduced a
T-H;new golutioﬁ concept for Non-Transferable Utility (NTU) games called
bargaining aspirations. 1In a series of examples the authors show that
Ehe concept of bargaining aspirations provides reasonable and sensible
’iesults. This concept seems very promising in applications.to exchange

economies. ‘ ’ ) S

3.  MANIPULABILITY OF VALUE : '

it is kpown.(Hurwicz(l972) and Thomson (1979)) that the competitive

'equilibrium is manipulable in the sense that one agent can misrepresent ' ,Aﬁ
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his/her preferences and become better off, Recently, Thomson (1983)
examined the manipulability of value in transferable utility economies.
Specifically utility functions were additive, separable and linear in
one commodity. Here we will show that for a more general class of
economies value allocations (either cardinal or ordinal) are susceptible

to misrepresentation of preferences.

We will first need some notation and definitions. Denote by F

the set of all attainable allccations, i.e., F = {x ¢ Rile: > ox{t) =
LET

25 eft)), and by Vv _(&) and v, (£} the sets of all ordinal and
ter u Au

cardinal value allocations respectively, i.e., =z E Vu(?;) =2z € F and
ut(z(t)) =sh, for all t €T and z € V;m(?;) 2z €F and
A(t)ut(z(t)) = 8Bh for all t € T. Denote by E the set of all

t
egonomies.

An  ordinal value allocation mechaniem 1s a mapping ¢ on E which
redistributes the endowment in the economy according to the Shapley
value rule, i.e., ¢(&} = {x ¢ RilTl :x € Vu(g)}. Similarly one can
define a cardinal value allocation mechaniesm as a mapping 1§ defined

on E by (& = {x e R;Tx € v, (§)}.

An ordinal value allocation mechanism ¢ dis manipulable if there
exist &= {{u(d),e(l)) ..., (u@),e(m))}, &' = {(u (L),e(l)},...(u"(n),
e{n))} in E and x€4&), x'€¢@E') with

(1) ul#ugy for some s in T, ui=u; for t #s and

(11)  ug{x'(s)) > u_{x(s)).

A gardinal value allocation mechanism ¢ is manipulable , If
there exist & ={(u(l),e{l)), ..., (u(n),en))}, &' = {(a'(L),e(l)),cu.:
(u'(n),e{n)}} din E and xcy(&), x'€p(E') with

(i) ué # ug for some s in T, ul = u, for t # s and

(ii) u (x'(s)) > uglx(s)).

In other words a value allocation mechanism either in the ordinal
or cardinal sense, is manipulable in some economy &, if at least one
agent will misrepresent his/her preferences and make the economy
to .appear as §&'. In this new economy the agent who misrepresented

his/her preferences iz now better off.
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. 1THEOREM 3;1. I%e‘érdinal value al;boation:meqhanism?isﬁmdn@pulgble.

“VPROCF.‘ The theorem is proved by meahs 6f an example. ‘Congider an’
‘economy with three agents, 7= {1,2,3)} and two goods, ‘%, y. Agénte‘
. ‘utility functions-and initial endowments are .given as follows: -

W@ ,y@) = K@Ey@ . T @y

‘f}'l'ekl) fl(p{4§ L 5__: o . _'tf L “Iks;éi
e'.;.zl'>.="_'(4,lo-> o - o (3.5} ’
'.eg3{|=(o,§). - "__;'. - .3; f-" L ilrftstsitl ?
‘A'computetion-ot'the eﬁéracteristic funot;on} V#l‘gioes:.‘\ o 3
Vu({l}) - v (2} = v#(}{:&})"= 0 -
'Quki;;s})ie vuf{z,;})”f 2 i
| ;f;u‘(‘{i’;.'z'}.),;;.vu({‘1-,,:__2,_3})' . |
:We oen oompute the Sﬁapley values of eaoh agent and f;nd ttat Shi j

'v'sh2-="EW,Shj_= IR It can be easmly verlfled that the ordlnal value ) Lo
i allocation is (x(1),y(1)) = (x(2hy(2)) = (160,160), (x3),y3) =G H.

) Suppose now that agent 1. does not report hls/her true preferences.t' ":i!
lfInstead, he/she mlsrepresents hls/her self by reportlng -a false utlllty :

~ functlon, 1 TN

| uiik(li,ykl)) - &l ; ‘(;’-, o e e

iObv1ously (3. 2)—(3 6) remain the same.’ Thefefore ‘we heve now 'a new
‘economy 5" -and we' can agaln compute the charactéeristic’ functlon V ]
and flnd. ) ‘

v, ({1})
v ({2h,

2

[E.

,vq({a})*

1
o
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Vu({lr3}) = Vu({2r3}) = 2
vu({l,z'}) = Vu_({l,2,3}) = 4.
The Shapley values are Sh = 14 sh, = 8 sh, = 2 The ordinal value
ApLey 17 6 M2 T B3 T g _
allocation for the new economy &' is (x'(L),y'(1)) = (%?,%?),
{(x'(2),y'(2}) = (%,%), (x'{3),y'(3)) = (%,%)L Note that agent 1 is now
. , 14 14 14 '
better off, i.e., ul(x (1),y‘(1i) = ul(ji,jf =% ul(x(l);y(l)) =
ul(%g,%? ==%?, and necessarily agents 2 and 3 are worse off. This

completes the proof of the theorem. =

THEOREM 3.2. The cardinal value allocation mechaniom ig memipulable,

PROOF. It follows from Theorem 3,1 by letting A{l) = A(2) = A(3) = 1.
Indeed, for the above choice of weights the ordinal value allocation
in the example used in the proof of Theorem 3.l is algo a cardinal

value., w®

4, VALUE AND FAIRNESS

An allocation Xx:T + Ri is said to be Pareto cptimal 1if there is
no allocation x':T = Ri such that ut(x‘(t)) = ut(x(t)) for all
t €T and ut(x'(t)) > ut(x(t)) for at least one t. An assignment
x:T + Ri is Said to be'jhir {or ewvy free ) if it is Pareto optimal
and  u (x{£)) = v, (x(s)) for all t, s in T. If u (x(t)) < u.(x(s))

we will say that agent t envies agent s at the assignment x.

Althoﬁgh it is hardly reasonable to regquire a mechanism to be
fair.from any arbitrary position (in fact Feldman-Kirman (1%74) show
that the competitive equilibrium may fail to have this property). it
is known (see Varian (1974) or Thomson-Varian (1984)) that the com-
petitive equilibrium.treats agents with equal income or identical
. initial endowments in a fair way. Unfortunately as we will see, value
allocations either in the cardinal or ordinal sense need not treat

agents with identieal initial endowments in a non-envy free manner.

PROPOSITION 4.1. 4n ordinal value allocation need mot treat agents with
identical initial endowments in a fair way.‘
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: " PROOF. Consider an economy consisting of four agents T = {1,2,3,4}
o dnd‘two commodities x, y. The utility)function and initial endowment

.of each agent is given as follows:

ay (x(1) ¥ (1)) =-2x(l? + 2701, e = (2,2)
u,x(2),¥(2)) = (ETT + AN 2, Ce(2) = (2,2)
u, (x(3),¥(3)) = GETT ¢ GETE, el = (0,2)
uy (x(4) 7 (4)) = VT ¢ FTMZ eth) = (2,0)

Note that agents 1 and 2 have identical initial endowments. How-
‘ever, as we will see agent 2 envies agent l's value allocation. 2

. computation of the chardcteristic function vV, gives:

v, (1)) = v, ({2}

=8
v, ({1,2}) = 16
Vo (3h = v, (14)) = 2
v, ({1,3}) %“vu;{1,4}) = 12
v, ({2,3}) =V, ({2,4}) = 6 + 4/2
v, ({3,4}) = 8
v, ({1,2,3}) = vu({1,2}4}) = 20
vu({1,3,4i) = 16
v, ({2,3,4}) = 16

v, ({1,2,3,4) = 24 .

* We can also compute the Shapley value according to formula (2.1)

e £1 - _ 224 - 1642 _ 176 + 16v2 _ -
apd find that Shl e 7 Sh2 = . ' Sh3 = Sh4 = i

It can be easily verified fhat the ordinal value allocation is:




) in Proposition 4.1 because agent 1 has a superior "utility producing

~ agent l'td all the coalitions of which he/she is a member, i.e., his/
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224 — 16+V2 224 - 16./‘

(x(1) 7 (1)) = A g
(x(2),y(2)) = (RLEFA6V2 176 ;615*’?“ ,
176 176

x(3),y(3)) = x(4),y(4)) = (53753 *

- However, at the abhove ordinal value allocation agent 2 envies .

- u (224 - ..16,/5’2724 - 16/‘)_

agent 1's assignment since uz(x(l).y(l))

224 - 162 Lo 176 + 161/_ 176 +- 161/_ _ 176 + 16vV2
g w2y (@) = u Ty 3 =T

Hence, the above ordinal value allocation stemming from the equal divis-
ion of initial endowments for agents 1 and 2 does not treat them in a
fair way. This completes the proof of Proposition 4.1.

PROPOSITION 4.2. A cardinal value allecation need not treat'agents with
identical initial endowments in a foin wey.

PROOF. It follows from Proposition 4. l by letting A{l) = 3(2) =
a{3) x{4) =1, =u

Propositicons 4.1 and 4.2 cast doubt on the view that value allo-
cations are more "equitable" than competitive equilibria. In fact,
these results suggest that they are not. We obtain these conclusions

technology" and consequentiy increases the characteristic function "V,
of any coalition of which he/she is a member. In particular, observe
that 2x + 2y > (/X + /?)2 for x ¥ y and with equality if x = y.
Hence since utility is transferable, it is optimal for agents 2, 3,
and 4 to transgfer their ipitial endowments to agent 1 and increase

Vu(S), 5 cT. Consequently,lthe expected marginal contribution of

her Shapley value, becomes higher than agent 2's even though they boﬁh-

start out with identical initial endowments

Here we must note that the core of an economy may glve rise to a
similar pathology.  In fact Feldman-Kirman (1974) show that the core’
from the equal division of initial endowments need not be fair.
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5. VALUE_AND 'I"HEAEQUAL TREATMENT PROPERTY

We . w11l say that two agents in an economy are tdentzcal if_they
'have Ehe same characteristics, i.e., two agents ti‘ and s are
: -1dent:.cal if gltq) = (u(t Yrelty)) = Elty) = (ulty),e(ty)). It is

. -~known that some solution concepte (for example the competltlve equi-
‘Thlsl.
is certalnly a de51rab1e property that we would like any solution con-

"-llbrlum or Nash solution) ‘treat 1dent1ca1 agents the same way.

cept to have. Unfortunately, we will show that the cardinal value

allocation fails to have this property.

Beforé'we stdte our result we

”:'anism“ P -

" dand for‘every pair

will need the following definition.
1s symmetric (or. it has the
| every &
_ (tl'_t2)
Tulx(t)) o) = ulx(ty), byl
., PROPOSITION 5. 1.
fsymmetrze.

PROOF.

(u(l)fe(l)).---,(u(n);e(n))}

The cardinal va?ue allocation mechanism need not be

- A cardlnal value allocation mech-

equal treatment property) if for
in B, ‘for. every x € Vku(g)

-of. ldentlcal agents we have that -

. The ‘proof is by means of an example s;mllar to' that of Shafer
';(1980) and. Scafurl -Yannelis. (1984)
four . agents and two commodities derioted by T = {1,2,3,4}

' Consider an exchange economy with

and X, ¥V,

respectlvely.

Agents

;'glven as follows.

ul(x(iiry(1>)'

‘agents '3 and 4

utlllty functions and- lnlt;al endowmente*are

= (3 /D + 3 FINH?, e{1) = (0,1) :
uy(x(2),y(2) =13 & + 1 AN e = L0
03y v 3y = L x Louia e o
Cugxd3),y(3)) = 3x(3) '+ F y(3), e(3) = (0;0) N
U, (x(),y(4)) = 3 ".(4)_1‘_72‘ yi4), e(4) = (0,0).
.Agents' weights are | 31‘(1) = A(2) =A(3) =1 and A(4) = }1._ Note that -

are 1dentlcal, i.e., have the same utlllty functlons

and the same 1n1t1al endowments.

B computatlon of the characterlstlc

functlon VA glves-
v ) = v, (2 =k
Au o ;u _ g
Vg (B3 = vy (4h) =V, (43,41 =0
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_ _ 1
Vku({2,4}) = V)\u({l,4.}) =7

v u({z,ah

]
—~
-~
=
w
e
-
i}
mha

1
~

Vlu({l,2})

v u({2,3,4}) = vAu({1,3,4})

i
[N

Vaa(11e204h) = vy ({1,2,3)) = v, ({1,2,3,4}) = 1.

Applying formula (2.1) we can compute the Shapley values of agents 1,

2, 3, 4 and find that Sh; = 3%, sh, lz, shy = =2, Sh, = 0. The
cardinal value allocation is ((x(l),y(l)) = .%%,%% » (®(2),v(2)) =
3531 (x(3),7(3) = (ZFr) x(4),y(4)) = (0,0). However, at the

above cardinal value allocation agents 3 and 4, who are ldentical, are
treated very differently with u3(x(3),y(3)) = f% # u4(x(4),y(4)) = 0,
Hence, the cardinal value allocation mechanism need not be symmetric

and this completes the proof., n

The asymmetry of the cardinal value allocation is a conseguence
of the peculiarity of the concept itself, Specifically, on the one
hand each agent in the economy is characterized by his preferences and
initial endowments, and on the other hand the "weights" of each agents
are endogenously determined (the fixed point provides the weights).
Consequently, even if two agents are identical in the econony the
fixed point may assign to them different weights, and therefore the
resulting utility that they will derive at the cardinal value allocation
_need not be the same. In that sense, Proposition 5.1, casts doubt on
any interpretation of the weights as a meaningful "endogenous utility
comparison" as has been suggested in Shapley (1969). Contrary to sug-
gestions in the literature, Propositioch 5.1 appears to indicate that
the cardinal value allocation is not an equitable solution concept.
Finally, we should point out that we do not know whethar or not the
asymmeﬁry of cardinal value allocations disappears as the aconomy gets
large. Champsaur ({1975), Mas-Colell {(1977) and Cheng (1981) have shown
that the set of cardinal value allocations converges to the set of com-
petitive equilibrium allocations as the number of agents in the economy.
goes’ to infinity, if a symmetry requirement is satisfied. It remains
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- an‘open question‘whether the cardiha; value convergence theorem remains
valid for allocations without the equal treatment property.

6.

] w111 now
.'where agents are

‘t'preferences, but

‘klndl of agents,

- FAIRNESS IN MIXED ECONOMIES

examine the prev1ous solution concepts in economles
oharacterlzed not only by their initial endowments and’

also-by.thelr we;ght.
"small" and "lerge"

Specifically, we will have' two
"Small"_agents are those who

.have a small welght and therefore thelr impact on the market is small,
 (they’ may be thought of as price takers), and "1arge agents are those
' whose weight is big and consequently they have a noticable 1mpact ‘on

= the market (one may think of a "large" agent &s a monopollst or '

- OllgOPOllSt). We will need the following deflnltlons.

6.l Definttzons

L
> on . _R+

Let . ? denote the set of blnary relatlons which‘may i

hfpossess the follow1ng propertles.

(i) . transitivity: =x >¥:¥s 23 X > B

{ii) irreflexivity{ ‘x }fk. i
{iid) oontinuity: {(x,y):ix » ¥} is relatively'open.
(iv} weak trahsitivity: x>y and y»> 2 = x > z. |

o(va3 monotohicity: X >¥ =X > Ve

: for_alla Yy € Ri the set {xue Riix =y} . -fh )

is convex. S . - R ‘ S B

(vif)-convexity:

A finite’ mized  emchangs ‘economy & is a mapping of T into P x Ri '

.3uwhere T is a finite set of traders. Let >, be’ the, projection of
ffz(t) ontd P, and et} the progectlon of é(t) onto Rl " We. inter~ ' ‘{
.pret >t .as. the preference of trader 't and e(t) as hls/her 1n1t1a1 »:
“wendpwmeht.. Partltlon the set of traders T‘ into Ty - and Tl We o
- assume for all 't € Tor u(t! = T%ET where |¢0| ='n .and‘forAell
‘ small and - "

1'-t,e Tl,ap(t) =1 -‘%.- We name the‘traders_in the set 'I‘0
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the traders in the set TJ. large. Hence the set of traders can be
described by a discrete measure space {T,U). An allocation is a

function £ of T into R sach that X £(t)u(t) = 5 e(t)u(t). In
S tET £ET :

this framework each trader has a specific weight, and an allocation
redistributes initial endowments to traders according to their weights.
In other words, the actual initial endowment of a trader is e(t}) '
multiplied by his weight wu(t), i.e., e(E)p(t). Further, what each

. trader actually consumes is f£(t)u(t). However, since the preference
relation » of each trader is defined on consumption bundles £(t)
and not on actual consumption bundles f{t)u(t), the fact that f(t)

is preferred to y(t) will be assumed to be equivalent to f(t)u(t)

. is preferred to y(t)u(t).

The mixed economy just described is the finite anaiogue of an
exchange economy whose set of traders is a measure space contalnlng
atoms and an atomless part. Moreover, if the set of large traders is
empty, then we have the standard Arrow-Debreu-McKenzie exchange economy.
Consequently, all the results to be proved in this section are true
for the conventional Arrow-Debreu-McKenzie exchange economy.

Let §, = {s:5 c T} and 8 = 8 1T, 2 S} be classes of coali-
tions of small and large treders respect:.vely. An allocation £:7 + Rf‘_l
is said to be nondiscriminatory relative to dg and d, if there exist

no disjoint coalitions Sle eS'O and 52651 and assignement vy (t)

such that y(t) > f(t) for all t € S, i=1,2 and tZE)S(y(t)u(t ) -
i

e{t)uit)) =tezé (E(B)ult) - e(t)ult), 1 # j. In other words, an alloca-
]

tion is nondiscriminatory relative to ('SO and d; if no cecalition of
small (large) traders can redistribute among its members the net trade
of any other coalition of large (small) traders and become better off.
Denote by C(£) the get of all core allocations in &, and by N(Z)
the set of all nondiscriminatory alocatioms relative to 60 arid 51 in

&. Let T, =@, then am allocation £ is said to be nondiscr-'.imatory

if_ there exist no disjoint coalitions le 2T0 and S € 2 and
y:T > R such that y(t) >y £(8) for all t € s, 24 Z) (y(t)ult) -
1
cel(tlult)) = Z (£(e}ult) -‘e(t)u(t))
t552

6.2, Theorems
THEOREM 6.1. Let £iT + P x Rf ‘
> €P satisfies (i), (i1), (442}, (v), (vi) and e(t) »> 0 for all t eT,

then NI(E) 7? @.

be a finite mixed ewchange ecowomy. If
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THEOREM 6.2.  ILet §&: Ty * P x Rz be a finite emchange economy. Let > € P

satiefy (iv) and (v) for all t € TO. If £ T -+ R+ zs a nondzsarzmtnatory allo~
cation in £, then theve exists p € P={g¢ Ri =1}, such that
i=l
(2) T |peteeut) - euwe)] < &,
€T .

(ii) I |inflpax(t)ult) - pra(®u(t)x(t) » £} =2, where
ter

0 .

M= suplfledt)) +..ut elty) ot €Tp &= Lau, )

THEOREM 6.3. Let &:T +® x Ri bg a finite mized exchange economy. Let > € P
satisfy {i1)-(iii} for all tefl and (vi) for alE te Tl' Then there exists an
approximate nondiscriminatory allocation £ in &, i.e., there are nmo assignment
YT > Ri and disjoint coalitions S € 60 and 8, € §l suoh that yit) > £{t)

for all tes;,i=1 02y Z) [y(t)p(t} - e(t)u(t)] Z [f(t)u(t) - e(t)u(t)] i#j
€S,

| 3
and Z max{ 2. [f; (t)u(t) = e, {B)ult}1,0} < = (&+l) max “e(t) B
: i=l ter /H T

Theorem 6 1l provides sufficient condltlons which guarantee the

existence of nondlscrlmlnatory allocations with respect to small and
large traders,- Note that the assumptions adopted in the above theorem
-are those needed for the existence of a competitive equilibrium in a
finite economy ﬁ&th convex preferences.

Theorem 6.2 is absent of large traders and provides computable
bounde on the degree of noncompetitiveness of nondiscriminatory allo-
~cations. Since competitive equilibrium allocations are nondiscrimina-

‘toxy, then Theorem 6.2 is an eguivalence result. In particular, it

gives a computable error under which nondiscriminatory allocations can
be decentralized by an appropriately chosen price vector.

Theorem 6.3 proves the existence of approximate nondiscriminatory
éllocations relative to coalitions of small and large traders. Con-
trary to Theorém 6.1, the preferences of all small traders in Theorem

. 6.3 need not be convex and consequently exact nondiscriminatory allo-
cations may not exist.

We must remark, that by allowing the number of small agents to

increase indefinitely one may derive results for sequehces'of finite
economies directly from Theorems 6.1-6.3. In fact, the sequential for-
mulation captures precisely the meaning of small and large traders.
Since for all t € TO’ plt) = % , then as the number of small traders,
i.e., n, goes to infinity, the weight of each small trader goes to zero.
Obviously, the weight of each large trader, i.e., 1 - %, tends to one

‘as n goes to infinity. Since the actual. initial endowment assigned

to each small trader is 'E%El ; then as n increages indef-
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e(t)

initely, each small trader becomes infinitesimal, i.e., + 0 as
n + =, On the other hand, the actual initial endowment of a large
trader, i.e., e(t) {1 - %) tends to e(t) as n + w=. Conseguently, a
sequence of finite mixed exchange economies provides nice inter-
pretations of the modeling of small and large traders since, as the
economy gets large, the former's impact becomes infinitesimal and the
latter's noninfinitesimal. Clearly, such a sequence of finite mixed
exchange economies corresponds to an exchange economy where the set
of traders is a measure space confaining atoms and an atomiless part.
In this framework small traders are identified with the atomless part
of the measure space and large traders with the atomic.

Finally, by imposing the condition that the initial endowments
of small agents are integrable, i,e., no "small".group of small agents
can hold sufficiently large endowments one may immediately derive
sequential counterparts from Theorems 6,1-6.3.

6.3. Proofs

PROOF OF THEOREM 6.1. We will show that the set of competitive equi-
librium allocations denoted by CE(&)} is a subset of N(&). TLek
£f € CE{§), i.e., for all t € T, p+f(t) < pre{t), f{t) ie maximal

for »_ in {x € Ri:p-x < pra{t)} and Z Fl{tlult) = T e(s)u(t).
- tEeT teT
Suppeose that £ £ N(£). Then there exist 81, 85, 8; N 8, = @,

8, € 50, SZ € 31 and y(t) =uch that y{(t) »_ E(t) for all t € S
and :

t 1

25 (y(ule) = e(t)u(t)) = I (E(t)ult) - e{)u(t)) . (6.1)
tESl tES2

But, y(t) »_ f(t) for all & € Sl implies p-ry{t) > pre(t) for all

t
t € 51 and consequently,
P 2 y(t)ult) » p+ I e(t)ult) . (6.2)

tESl tESl

From (6.1) and (6.2) it follows that p+ 2 (f(t)ult) - e(t)u(t)) > 0
tes,

or p+ 2 f{t) > p+ X e(t), a contradiction to the fact that

LeSy tesSy

f € CE(E). Suppoée now that 8, € 51 and 52 € 50' and repeat exactly
the game argument with the above to reach another contradiction. Hence
we conclude that CE(g) c N(z). Since the assumptions of Theorem 6.1
guarantee that CE(g) # @, then N(&) Ad.nm

We will now need the following proposition which extends a result

of Anderson-Khan-Rashid (1983) into exchange economies with small and
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large traders, The proof is patterned after theirs.

Let p be a price vector in Rf_: define; &as in Anderson-Khan-
Rashid (1983}, the excess demand set of trader t+ . by D(p,t) =
- Az - e(t) z € R+, pez = peel(t), v >t %z = p+y > pre(t)}. ILet .

A--{pGR’Z 0<p]_<l for 1-1,...,2}
- - !

PROPOSITION 6.1. Let N 2T +» P % Rf’_ be a fzmte mized exchange
aconomy. Let > € P satisfy . (1)-{iii) forall t €T and (vi)for all

ot € Tl' Then  there ewhs?‘: x:T + RR' and p € A 'éuch that x(t) € D(p,t)~

forall € €T and 2, max{ E Xy (t)u(t) 0} < = (& + 1)max[|e(t)[|
' - - oi=l v

'PROOF}-_Let tip) = Z}b(p,t)u(t)
. o E ) :

= {z € R_J:'_: IZH < max”e(t)”}
, te

{p € A:p, = —l- P T P Y

n

tb_(z) _é' {p € A'%p-z 2 qez for all g € A}
6(p,2) = ¢(z) x con {p).

: Clearly, 8. 1is a set _'val'l:e_d function from the set A' x % into itself.

A standard argument can be ‘applied to show that the mapping © satis-

" fies all the properties of the Kakutani fixed point theorem. Conse-

qu_er;tly,-‘ there exist - (p,z) € ©lp,2), i.€., 2 € con [ (p) and for

all 'z € A, g+*z = p-2Z £ 0. By the Shapley-Folkman theorem we can er.te

= f = .

z —tzé' z(t)u(t) + Jgi y(t )p(t ) where T Ty u (TO\{tl""’tL})’

and z{t) E D(p,t) for all t € T' and y(t ) € con D(p,tj), 3 =1,

...,ﬂ,. Pick arb:.trarily z(tJ) c- D(p,t Yo d = 1,00a,8, Then,'

z(ty) -,y(t‘.) ='z(t )+ elty) ~ v lty )+ e(ty)) = z(ty) + e(t ).

Hence, Za max{ (zj (t ) - yl(t ))u(t Yo 0} = ‘fﬂ (zi(tj) + ei(tj))u(tj)l
. - i= o

It follows from the def:l.nltlon of p and the budget set that

-e(t )]J(t )

mln(pl,---.p‘) Thus.,

' Z) (zi(t;) + ejlty ))u(t ) =
i=1 - ‘

teT : J =1

otherwise.

Sl

'-‘qi'= 1 if 5 %y (t)u(t) > 0 and q =
teT ,

q-Z z(E)ult) = ez + o % 2ty - Y (k) -+ maxfe(t)]. . Let
s -3 ] Y teT o ;
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| ‘ Let Kl
Then

= : zi (EYu(t)] + —= yozp{t)u(t
o teETZ(t)u(t) 1§K1 ‘[t‘gz':r;zl( Jult)l = 2 [tg zj{ ).I-ls 3]

= {k 6‘(];,.‘..,9-):2“.]{ > 0} and K, = {k € .(l‘,-.‘..,ﬂ,‘):zk < o}

.
.= == maxle(t)|.
n te‘l‘”e :

| ‘But, "
S [} '
o Lnzge)we)] = T max{ 3 zg(t)u(e), o0k
,iEK.‘L et Co i=.l LeT B
£ 2 max et} - L % [E'Zi‘(t‘)u'(t)] \
© /a0 ter :  /n €K, t€T T .
< %X max lett)| + L % [i'.E Z-l(£)u(t)ll]
! T /m o eeT S m =1 wET v D
| ! R . ; 1
i = — max (e(t}] + —= |z[ .
= max o)) + 2 ||
s‘-—& max "ez(t)l“ “+' —l'-'.maxlle(t) i
Yn  tel R
=L (2.4 limax [le(t)].
. vn LET
| SRR L o .
Thus, 2 max{ E 25 (t)u(t) 0} P— (2 + 1) max I[e(t)” and éince
oi=1 /H

z(t }- - is chosen arb:.trarlly to be in D(p t ), then z(t) € D(p,t)
for all t € Tv This completes the. proof.

Follow:.ng Anderson!' s (1978) arguments one can eas:.ly extend: h.lS
result to small and 1arge agents. More formally we have:

PROPOSITION 6.2.° Lot &’; T+ P x R‘Q‘ be a f?.mte mized emhange economy.
Let >y € P satisfy (iv) and {v) for all t €T and {vi) - for all.
t e T‘_ - If I € C(E) ¢+ then there emists p € p such that (1)

.Z?Tlp'-f(f(t);u('u - e(eyu(e)) | 2 cmd (id) Z flnf{p-x(t)u(t) -
terT o
: p-e(:.t-)p{t):x(t) > E(8)}] = 2%—,- whare M =_ sup{”e(t } +...+ e(t )"

ti GTO' is= },---;R}-
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PROOF. Define -¢{t) = {x - e(t}:x > £f{t)} LU{0} for all t €T and

4] =t§T¢(t)u(t). Let =z = DAE—; we need to show that con ¢ f {w ¢ RR‘:
w << - 2z} = @ . Suppose that there is a G € con %, G << - z, Then

there exists g:T - R’Q’ with g(t) € con ¢{t) for all ¢t € T, such
that G = tZE)Tg(t)u(t). Since for all t ¢ T, > 1is convex, con ¢ =

2 @on ¢{t)u(t) + ¢ (thu(t). By the Shapley-Folkman theorem we have
I’:ETD tETl

that g(t) € con ¢(t) for all t ¢ '1‘0, glt) € ¢(t) for all t € 'I‘l

and |T6|=|{t € Toig(t) £ ¢(t)} = &, Deéfine y = T g{t)u(t). Since
. tETA\TY

0 € ¢(t), we have that y ¢ 0., Since ¢{t) = -e(t), then con ¢(t) =
. ) Lo
~e(t). Hence, y =G - 2 g(t)u(t) =G+ 7 el(t)ult) sG+;L—! Z)e(ti)
: teTy teT) - i=1

<G + %E =G+ 2z <<0. Let V= {t ¢ Tig(t) # 0}. Define h(t) =

gt} + 'eft)- - ﬁ‘—ﬁ- for all t € V. Then h(t)‘ >> g(t) + e(t) and
gl{t) + e(t) > £(t) for all t € v. Byl (iv} hit) > flt) for all

t € V. Moreover, it can be easily checked that T h{t)u(t) = eltinl(t).
‘ : tev tev

Hence, h(t} blocke £(t) wvia V. This contradiction establishes that

if G <x -z, G £ con ¥. By the separating hyperplane theorem there

_‘ exists a Price system p ¢ P such that P separates ¢ from

{w € _R'Q':w << -z}, Hence, inf p*¢ » sup{p*wiw << -z} = —ps:z = -

: M
inf p«d > T

I

Since 0 ¢ ¢(t) for all t eT, 0 » z;Tinf ped (£} p (L)
. te .

By (v) for every ¢ > 0, £(t) ~ e{t) + ¢ € ¢{t) and ps(f(t) -

et} + ¢} = inf p*¢(t). Let B = {t ¢ Ti:p+f(t) < pee(t)}, then

Zép-tf(t)u(t) ~e(t)pit)]+ e > Z%inf Peop(tlult) = - % ; and by letting

tE . tE ;

E converge to zerc, we have that 2 p-(f(tiu(t) - e(thu(t)) = Z inf p-
teB teB :
plEIu(t} = - %- Clearly, 2p+(f{t)u(t) - e(t)u(t)) = p*I (E(t)ult) ~
LET teT
e(t)u(t)) = p+0. Hence
Zip«(E(t)ult) - e(t)ult))| =25 |pe(£(t)ult) - e(t)ult))] < %1“ .
teT . ‘ teB

Furthermore,

Z [AnE{pex(t)ult) - pre(t)u(t) :x(t) » £(6))] = - 3 inf peo (t)y(t)
teT , _ teT

2M

+ L pelf(tlult) - e(tlu(t)) <
t€B _

This completeé the proof of Proposition 6.2.m




227

COROLLARY 6.1. The conclusion of Proposition €.8 remains. true if Ty = & .

Let & be a finite exchange ecconomy where T, = #, i.e.,
&
&:Ty + P x R,
Denote by CO(Z) the set of all core allocations in & and by
NO(E) the set of all nondiscriminatory allocations in &.

PROOF COF THEOREM 6.2. Combine Proposition 2.8 and Corcllary 6.1.m

PROOF OF THEOREM 6.3. Let f be a function of T into Rf and
P €4 a price vector such that E(t) is maximal for >¢ in the

budget set for all t € T and 2, max{ Z}fi(t)u(t) - = e, (thult),0}
i=1 LET teT

s'ﬁi {(H+L)maxje(t) ||, i.e., (p,£) constitutes a near or approximate

teT - _ .
competitive equilibrium for ¢§. Dencte by NE(&) the =et of near

cempetitive equilibrium allocations in §&. Also, denote by AN(Z}
the set of approximate nondiscriminatory allocations in g. Then re-
peating the argument used in the proof of Theorem 6.1, we have that

NE (g) SAN(g). But since by Proposition 6.1 NE(Z) #¢ then we have
AN(E) #@ , and this completes the proof.m

7. PERFECTLY COMPETITIVE ECONOMIES

Perfect competition prevails in an economy if and only if no agent
is able to affect the prices at which other agents buy and sell goods.
However, if the set of agents is finite, then each trader in the
aconomy may have a significant effect on aggregate demand or supply
and can affect prices. Consequently, the notion of perfect competition
may break down. To resoclve this problem Aumann (1964) introduced the
continuum of agents, i.e., the set of agents is described by an atom-—
less measure space. In this case each agent in the economy is neg-
ligible, i.e., has measure zero {(recall then an atom does not "split"
into smaller non-null pieces) and a priori takes prices as given,
Thus, an economy with an atomless'measure space of agents captures
the meaning of perfect competition. It is the purpose of this section
to examine perfectly competitive economies, i.e., econcmies with an
atomless measure space of economic agents., In particular using some
technical results of Loeb (1975) and aAnderson (1976, 1982) we will
show how the thevrems for economies with a finite number of agents of
the previous section, can be extended to economies with an atomless
measure space of agents.
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7.1, Defzmtwns amd Results

For a more complete treatment of several notions used in this
section we refer the reader to Emmonsg {1984}, Emmons- Yannel:.s (1984,
and Yannelis (I983), For an introduction to Nonstandard Analysis and

.Loeb measure spaces ‘'see Loeb (1979).

A Loeb emcehange eaonomy is a L(T)—measurable mapplng z:;L (T, L(T),

S L(up P x R'Q' ‘where (T,L(t),L{u)) is a *—f:.p:.te Loeb measure space -
of agents (Loeb measure spaces are general enough to .contain atoms

‘and an atomless part}. Let >, be the projection of EL(E)_ onto P
‘and  e(t) 'be the projection of EL(t) onto Rﬂ' Clearly > denotes
the preference of agent t and e(t) his/her 1n1t:|.a1 endowment . - An

‘ass-ignment x is an L(u)-integrable funct:.on of T .into R‘Q' An

L

ass:.gnment f: '1‘ > R and a price vector P E int Ry' ' ,constltute a

competitive eqml'r,bmwn for '5L if

{i). £(t} is maximal for > iin {x € Rf’_-:p,'x = pre(t)},

“L{p} - a.e.

(i) f £AL(n) = j edL(p) .
o T T _
An alloaatwn is an ass:.gnment x:T ~» R'Q such that [ xdL (1) =
‘ . )

£

I edL(u) _ an allocation £:T + R, is said to be nondiscrihﬁnatory for
T o ' :

. the ecohomyrl éL if there exists no assignment y:T + .Rf'__ and disqu.li_;nt
‘ coalitionlsl S:I_,[S2 such that y(t} > f(t) L{p)=almost all t _iq ’
Si anc’_i J (y(t) - e{th)dL(p) = {(f{t) - e(t))dL(u)-‘ Dencte by
Sl S .
N(E ) the set of all nondlscrlmlnatory allocations in EL

THEOREM 7.1. ILet éL (T, L(‘r) L)) - fP x R be a-Loeb ewchange economy *
. satwfyzng the' f‘oZZot:J'mg eonditions: A C :
(1) (T L('I.') L(u)) is a :t—fm’ite ‘atomless Loeb measure spacs
{ 2) >, € P 4is @rrefleﬁve, transitive monotone, continuous

NeIR >y € '?;, where P is a compact subset of P in the topology of. cZosed’
’ aom)ergence {see H‘.‘,Zdenbr'and (13974)).

(4) fe-(t).dL(u) > 0.
T

Ther, '.',f‘ fe N(Ef; ), therre exiete P e R+\{0} such that (i) and (u) are

sa:‘;'bsfzed
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PROOF. By Anderson's (1982, Theorem 5.3} "1ifting"3theorem-theré.
exlsts an 1nternal map *E:T + *P x *Rp‘ such that  °(*§(t}) = ‘
°(*>t,‘*e‘(t))_ = 5; (ty = (>-t, a(t)),Lin) - a.e. (where ° denotes
 gtandard part). In other words the standard part of the internal nen-
standard exchange economy *8 is the sam_e with the Loeb exchange

‘ ~ economy 5 '

" By the, transfer of Theorem 6.2 we have that if £ € N(*é), ‘then
" there exists p € *R+\[0} such that

-]%rt%T]P‘(f(t) - *e(t))| = % = 0, where. |T| = w € *N-N {7.1)

and

i N - k ' 2M .
L [inf{pr(x-e'(t))sx >, £(t)}]| =: = 0 i.e.,

T]tETI P. ( o £ = T] .' . (7.2)

prE(t) = peRe(t) = inf{p-x:x'it f(t)} for'all t € K where

K is an internal set of traders such that J—i—'— = 1,

The economy *.3 will s’atisffg the following assumptions:

*(1) Fre(k) >> 0
S teT . 7
A (2)  xPr is near standard, i..e., preferéncés lie in the non-
- standard extension of ?'_ which is compact in the topol-
- ogy of closed convergence, h

It follows from assumptidn *¥{1) and. the cdntinuity of preferences tha:t‘
(7.2) can be strengthened so £(t) . is maximal for ’i in

{x: p-x s peelt)} for all t €K where X is an 1ntern‘al set of
agents such that |K|/w=1. By a standard argument one can show that
p > 0.' (sée Khan (1975) for a ‘complete proof). It can be easily -
shown that , f:7 + *Rg' is S-integrable as well._ .

1 Notice, tl{at for any inf]fernal set 8, J%L = ¢ we have t_'i;at

prs D f(k) = = XD pef(t) = = T pewe(t) = 0, since *e:T + *R is
W tes Woeeg” 0 7 W e :
S-integrable. Therefore, since p >3 0, .it follows that £:T ~ *Rﬂ'

is ‘S—integrable. We will now need the following two Lemmas .

" LEMMA 7.1. . The pair (f,p) constitutes a competitive equilibrium for

*, if and only if (°P,°f) dis 4 ‘competitive equilibrium for ;‘EL
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PROOF. (=) = Since the pair (p,f)  is a competitive equilibrium for
*% we have that:

ey s L
DEE =

gl

2% (t),p f(t) = p*fel(t)and y '§t f{t) = p*y >
teT ' _ :

pr*e(t) for all t € K where K is an internal set of agents,

IK|/w = 1.

Suppose that (°p,®f) is not a competitive equilibrium for EL'
‘Then there exists g:T » Rf L{u)-integrable such that

fgdL(-u) =f edL(p) and ‘ (7.3)
T T ‘

°p*g s °p ce{t) and g > °f(t) for all t €8, LW (8) >0. (7.4)

L
+

such that =x is 'S-integrable and °x = g, L(u) - a.e. From (7.4)
it follows that

By Theorem 7 in Anderson {1976) there exists a Function x:T + *R

°pr*°x < °p.e(t) and °x > ff{t) for all t € S, L(p}(s) > 0.

Singe °x ‘is L(u)-integrable and °x = g, L(u) - a.e., J xdL{u) =
: : T .

_J gdL(p) = J edL{)). Again by Theorem 7 in Anderson (1976) we - have
T T :

that f owdLof) = 1 x{t). Hence, since J edL(p) = L >*e(t) by
T L e . ‘ T L reT

{(7.3) we have that

€ [

T
ox(t) = l-Z)*e(t); and from (7.4) it follows
EeT W teT .-

that .p*x < pr*e(t) and x tt £(t) for all t € §, l%l + 0, a con-
tradiction to the fact that (p,f) is a competitive equilibrium for

*E .

(=) Let (°p,°f) be a competitive eguilibrium for 5L_ and the
pair (p,f) is not a competitive equilibrium for *&. Then there-
exists an internal function y:T -+ *Ri such that

P*y = pr*e{t) and ¥y §t f(t} for all t € 8, S internal, l%l $ 0. (7.5

Since pry = pe*e(t) for all t in the noninfinitesimal internal set %
'S, it follows that for any internal V, l%l = 0 p'%té%y(t) =
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%é%%p-y(t) = %éé%p-*eﬁ:) ~ 0§ since e is S-integrable. Since

; 1 . — snh 3 o _
p >? 0 it fo;lows that atélvy(t) = 0, Hence, y:T —+ R,/ is S~ integ
rable and by Theorem 6 in Anderscn {1976) °y is L({u)-integrable. It
follows from (7.53) that °p+°y(t) < °p *e(t) and °y(t) = °E(£)  for

all £ € 8, L{u)(8) > 0; a contradiction to the fact that (°p,°L)
is a competitive egquilibria for SL. This completes the proof of the
Lemma .=

LEMMA 7.2, £ € N(*£) & °f ¢ K(Gy) .

PROQF. (=) Let °f € N(ZL) and £ £ N{*%). Then there exist an

internal function y:T + *Ri and disjoint ceocalitions Sl’ 52 such
that
y(t) ﬁt £{t) for all t € S;, and (7.6)
L3 (yi) —%()) = 13 (£(£) =%e(t)) (7.7)
w fes, : w tga,

14
+

*a:T - *Ri and £:T -+ *Rf are’ S-integrable it follows directly from

It can be easily seen that vy:T -+ *R is S-integrable. 1In fact, since

(7.7) that for any internal set V,. J%L = 0, %t%}vy(t) = 0. By Theorem 6
in Anderson (1976] °y is L(u)-integrable and °(% 2o yit)) = J°ydL(u).
Since J“ydL(u) = %Z}y(t) and JedL‘(u) = %E*e(t) it follows from
(7.7} that JS (°y{t) - e(t))dL(u) = IS (°£(t) - e({t))dL{u). Moreover,
from (7.6) itlfollows that °y(t) >t°f(t) for all t € S
contradicts the fact that °f € N(§;).

1° But this

(=) Let f € N(*f) and °f ¢ N(gL). Then there exist vy:T -+ Rf
L{y)-integrable and Sl' Sl’ Sl N 82 = ¢ such that

v{t) >t°f(t) for all t € Sy and (7.8)

J (y(t) - e(t))dL(u)'=J (°E(t) - e(t))dn(y). (7.9)
5 5,

Since y is L(u)-integrable there exists =x:T -+ *Rf S~integrable

such that %x =y, L{u) - a.e. Since °x is L(u)-integrable then
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f"de(u) = j ydL{1), and it follows Erom (7.9) that

J (*x(t) = e(t))dL{n) =J (°F(t) - e(t))aL{u). (7.10)
5, S
From (7.8) it follows that x(t)

t
more, since J°de(;u) = L% e, J°fdr,.(_u) = T £(t) and J edL (u)

F f£(t} -for all t € S;. Further-

R

1 s%e(t) it follows from {7.10) that L 5 (x(t) ~*e(t)) = L 3 (£(&) -
S Wies, @teg,

*e(t)) a contradiction to the fact that f € N(*¢).m

It follows from Lemmas 7.1 and 7.2 that the proof of Thecrem 7.1

is now complete.

A couple of methodoleogical commenfs are in order., The purpose
of Theorem 7.1 (which is indeed an equivalence result, recall that
all competitive eqguilibrium allocations are nondiscriminatory) was
not to prove a new result. As a matter of fact Theorem 7.1 is proved
in Gabszewicz (1975} through the core equivaience result of Aumann
' (1%64). Our purpose was to demonstrate the importance and powerfulness
of the Loeb-Anderson metho&ology. Specifically this technique allows
us to extend results from. finite economies intoc economies with in-
finitely many agents in a rather simple and intuitive way. Since some
results may be simpler to-prove in a finite economy framewocrk the
- Loeb-Anderson methodology seems to be very promising in obtaining
results for perfectly competitive economies "very cheaply." It should
be noted that Theorem 7.1 involves a restriction on the measure space
of agents, i.e., it is an atomless Loeb measure space and not any
arbitrary atomless measure space as it has been the case in the lit-
erature (see for instance Richter (1971} or Armstrong-Richter (1984)
for a complete discussion on the space of agents). However, if the
purpose of the nonatomicity of the measure space is to capture the
meaning of perfect competition then, atomless Loeb measure spaces
serve precisely our purpose.

Finally, we would like to point out that the results of Section 6
can be extended accordingly to economies with a continuum of agents

using the above technigue (see Yannelis (1983b) for complete proofs).
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